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Preface

With the increaseof computing power over the past years,numerical simulation
hasbecomea major constituent in the derivation of newtheoriesand the develop-
ment and optimization of industrial products. In someareas,e.g.the automotive
industry, it is already a key element for the evaluation of new designs,allowing
for e�cien t virtual experiments and thus reducing development time and costs.
Moreover, simulation can provide data that is hard or impossibleto obtain in
a physical experiment and therefore serves as a sourceof deeper insights into
complexphenomena.

However, the conduction of numerical experiments is a scienceof its own. The
coreof any numerical simulation is a mathematicalmodel of the involved process,
whosequality is crucial to the result of the simulation. The challenge in the
development of such a model is to �nd the optimal compromisebetweenaccuracy
and computational demand. It should reproduce all the important phenomena
occuring in the real problem while allowing for an e�cien t numerical solution.

This thesis is embedded in the research project Umweltfreundliches Betanken
of the Fraunhofer Institut f•ur Techno- und Wirtschaftsmathematik (ITWM) in
Kaiserslautern,supported by the German Federal Ministry of Education and Re-
search (BMBF) in cooperation with the VolkswagenAG asan industrial partner.
The primary goal is to assistin the designprocessof car fuel tanks through the
simulation of tank-�lling processes.A full simulation of such a complexdynami-
cal processis facilitated by the useof state-of-the-art numerical methods such as
the Finite Pointset Method (FPM) (ref. [25] and [26]), a meshfreemethod based
on a local least squaresapproximation, allowing for the e�cien t simulation of
free 
o ws in complexgeometries.

An important issuearising in the �lling processis the undesirableformation of
foam in the tank. Its presencecan lead to a premature termination of the fueling
if the tank is partly occupiedby foam insteadof merefuel. The considerationof
this e�ect in the simulation requiresan appropriate mathematical model. Mod-
elling the foam in its entiret y as two-phase
o w of a continuous liquid phaseand
dispersedgaseousbubbles is certainly a straightforward approach, but leadsto
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an insurmountable computational e�ort. However, the formulation of a uni�ed
macroscopicfoam model is di�cult due to the many aspects resulting from the
complex foam structure, e.g. drainageand decay. One approach for a more so-
phisticated model is basedon the decomposition of the problem into isolated
subproblemsdealing with singleaspects. An analysisof the corresponding mod-
els provides a thorough understanding of the occuring e�ects. Moreover, the
couplingof their solutionsyields information regardingthe macroscopicproblem.

In this work, we deal with one of the fundamental questions in this context,
namely the breakup of foam. This is of particular interest as fuel foam is very
short-lived. To obtain an insight into this problem, the mechanismsleading to
the rupture of a single foam lamella have to be studied. Therefore, the aim of
this thesis is to develop and analyzea model describingthe evolution of such a
lamella, paying special attention to the processesleading to its thinning. More-
over, strategiesto couple this lamella model to a macroscopicfoam model are
discussed,and suitable coupling parametersdetermined.

The thinning of free foam �lms has previously been studied in several works,
including [34], [3], [8] and [9]. Our approach di�ers from the modelspresented in
thesereferencesin several points:

� All of thesemodelsare basedon the decomposition of the �lm into several
regionsfor which simpli�ed equationsare derived. However, the approxi-
mations involved in this approach require the lamella to be very thin and
are only applicableto a limited rangeof problems. We will develop a more
generalmodel suitable also for relatively thick �lms and are thereforeable
to cover a longer time spanof the thinning process.

� Inertia is completely neglectedin all of the above works. We found that
inertial e�ects canplay an important role in the lamella evolution and have
included them in our model.

� The previous models are restricted to two-dimensional�lms; we consider
the more generalthree-dimensionalcase.

This work is organizedas follows: We start with an overview of the physical and
chemicalpropertiesof foams,presenting the variousaspectsin foam research and
someof the previouswork that hasbeendonein theseareas.

In the secondchapter, a mathematical model describing the dynamics of foam
lamellae is developed. Starting from a free surface
o w governed by the incom-
pressibleNavier-Stokes equations, an asymptotic analysis with respect to the
lamella thicknessyields a set of equations on a simpler �xed geometry which
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we call thin �lm equations. A similar approximation is done for the equations
describingsurfactant and volatile component.

Chapter 3 dealswith a real foam�lm madeup of fuel. The parametersof the foam
are determinedfor this case,and conclusionsabout the relative magnitudeof the
consideredphysical e�ects are drawn. Foam lamellaeare surroundedby Plateau
borders,whosein
uence on the �lm is realizedby posingappropriate boundary
conditions. The central �lm-thinning problem is formulated and investigated
theoretically, leading to an existenceand uniquenessresult for the linearized
model. Finally, a Galerkin schemeis developed for the numerical examination of
the problem.

In the caseof a very thin lamella, for which the ratio " between thicknessand
length of the �lm tends to zero,a domain splitting approach is usedto derive a
set of simpler modelswhich can be more e�cien tly solved than the full problem
consideredin Chapter 3. Such an approach is discussedin Chapter 4 �rst for an
inertia-free �lm and then generalizedto the casewhereinertia is included.

Chapter 5 discussesnumerical resultsfor the �lm-thinning problemand examines
the mechanismsinvolved in the process.The in
uence of surfactants and volatile
components on the stabilit y of the foam is examinedand compared. Moreover,
somesuggestionsfor extensionsto the thin �lm modelsderived in this work are
discussed.

We closethe work with some�nal conclusions.
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Chapter 1

An in tro duction to foams

1.1 Basic notations

De�nition 1 A colloidal dispersion is a systemcontaining two phases,of which
one is continuous and the other phaseis dispersed in the �rst. Moreover, the
order of magnitudeof the dispersed particles is larger than molecular size.

Examplesfor such dispersionsare polystyrene(gasdispersedin a solid), ceramics
(solid in solid), smoke (solid in gas), mist (liquid in gas) or soap foam (gas in
liquid).

De�nition 2 Foamsare colloidal dispersions in which the dispersed phaseis a
gas. We call the dispersed gasparticles bubblesor cells.

We distinguish betweensolid foamsand liquid foams. Solid foamsare often used
in order to createlight but strong materials (for examplealuminium foam), since
they retain much of the strength of the original material. Liquid foams have
beenmuch longer utilized industrially and are for exampleusedwhen onewants
to create a large volume out of a small amount of liquid. This e�ect is usedin
�re extinguishersor in the oil drilling industry, where foam is pumped into oil
�elds in order to pressout as much oil as possible.

In this thesis, however, we are concernedwith another e�ect of liquid foam,
namely that it often emergesin unwanted situations asfor examplein a car tank
during the �lling process,or whenopeninga bottle of shaken beer. Therefore,in
the remainderof this thesis, foam always denotesa liquid foam.

De�nition 3 The liquid content ' of a foam is the volumefraction of its liquid
part. It is customaryto speak of emulsionsif ' is of the magnitude0:9 and larger,
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and of foams if it is about 0:1{ 0:2 or lower. However,theserangesare not strict,
and there is a smooth transition between emulsionsand foamsas shownin Figure
1.1 (left).

Moreover, we say a foam is dry if the liquid content is closeto ' = 0 and wet if
it is closer to ' = 0:2. As before, the transition is smooth.

Figure 1.1: Left: Transition from dry foam (top) to emul-
sion (bottom). Right: Photograph of a real foam (Courtesy of
http://www.physics.ucla.e du/~dws/foa m.html)

The geometryof a foam (in the broad senseincluding emulsions)and its bubbles
depends strongly on its liquid content. In an emulsion, where bubbles do not
interfere with each other, their shape is spherical. When the liquid content is
lower, bubblesbecomepacked together and are deformedto becomemore poly-
hedral in shape. The limit at which the bubblesjust touch each other such that
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their shape is still spherical is sometimescalled Kugelschaum(which is German
for spherical foam). In the dry limit, i.e. ' ! 0, the bubbles becomeperfect
(curved) polyhedra. This is alsocalled Polyederschaum.

De�nition 4 Consider a foam with a liquid content that is lower than that of
Kugelschaumsuchthat bubbleshavea polyhedral shape.

The (more or less 
at) faces of thesepolyhedral bubblesare called lamellae or
(foam) �lms .

The edgesof the bubblesare called Plateauborders. There are alwaysthree lamel-
lae meeting in a Plateau border (see Figure 1.2 (left)).

The vertices of the bubblesare called nodes. There are alwaysfour Plateau bor-
ders meeting in a node (see Figure 1.2 (right); generated using the free software
\surface evolver" by Ken Brakke,availableat [6]).

Figure 1.2: Left: Plateau border. Right: Node.

For very wet foamsthesede�nitions losetheir meaning.

Remark In dry foams, most of the liquid contained in the foam is located in the
Plateau borders and nodes.

1.2 Foam scales

A conventional 
uid may be consideredon two di�erent scales:on the onehand
wehavethe microscopic scaleat which atomsandmoleculesinteract via molecular
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forces,and on the other hand the macroscopic scale. This is the scalewherethe

uid appearsat a continuous phaseand which is usually the interesting one for

o w simulations.

In a foam, however, we have an additional scale. There is the microscopicscale
at which moleculesinteract, the macroscopicscaleat which the foam appearsas
a continuous 
uid, and there is the scaleat which the sizeof bubblesis of order
one. We will refer to this as the mezoscopic scale.

1.3 Basic prop erties of foam

The shape of a foam in equilibrium at the mezoscopicscale, i.e. the shape of
the bubbles, is mainly determinedby somebasic laws. Theseare crucial for the
completeexamination of foamsand are thereforestated in the following.

1.3.1 Laplace's law

Laplace'slaw of capillary pressurestatesthat at a gas-liquidinterface,the pressure-
di�erence betweenthe two phasesis

p1 � p2 = �
�

1
R1

+
1

R2

�
; (1.1)

where� is the surfacetension of the liquid and R1, R2 are the principal radii of
the interface. If there is a pressuredi�erence betweentwo bubbles,this leadsto
a curvature of the separating lamella, which is cambered into the bubble with
lower pressure.

1.3.2 Plateau's laws

Plateau's laws state that in a stablestationary foam a Plateau border is always a
junction of three lamellae,and the anglebetweenthem is always 120� . Further-
more there arealways exactly four Plateau bordersmeetingin a nodeat an angle
of approximately 109; 5� (the tetrahedral angle). This is a consequenceof the
ambition of the liquid to reduceits surfaceenergyand hasbeenmathematically
proven by JeanTaylor in 1976[36].



1.4. FOAM STABILITY 5

1.4 Foam stabilit y

Foamsare inherently unstable. Sinceevery liquid tries to minimize its surface
area due to its surfacetension, it would be energetically much more favorable
for a lamella to becomea sphericaldrop. Sowe have to ask the question: What
makesa foam stable?

At this point, we will present somee�ects that can have a stabilizing e�ect on
foamsin di�erent circumstances.

1.4.1 Surfactan ts

Gas

Liquid

Figure 1.3: Surfactants in a solution.

Pure water does nearly not foam at all. This changesdramatically if soap is
added. The reasonfor this is that soapconsistsof surface-active agents or so-
called surfactants. Theseare long moleculescomposedof a hydrophilic \head"
and a hydrophobic \tail" which thereforeaccumulate at the surfaceof the liquid,
thus reducing the surface tension (see Figure 1.3). The crucial point is that
the surfacetension is no longer constant as in a pure liquid but varies with the
surfactant concentration; a lower concentration corresponds to a higher surface
tension. The following examplesshow how this leads to a stabilization of the
foam.

Example Assumea 
at foam �lm in equilibrium, which is disturbed in such
a way that a dent is formed (Figure 1.4). Liquid 
ows outwards and pulls the
surfactant with it. Hence, a gradient in the surfactant concentration evolveswhich
leads to a surface force pointing into the dent, the so-called Marangoni force.
Liquid from the bulk is dragged along due to viscosity which ultimately levelsthe
dent and stabilizesthe �lm.
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Disturbance

Lamella Low surf.
conc.

High
surf. conc.

t = t0 t = t1

t = t2 t = t3

Figure 1.4: Stabilization due to Marangoni forces. Top left: A lamella is hit
by a disturbance, liquid 
o ws outward (velocity in blue). Top right: A dent
hasformed, surfactant hasbeendraggedout of it. Bottom left: Liquid starts
to 
o w back due to Marangoni force. Bottom right: Dent hasbeensmoothed
out.

Example Consider a lamella closeto the Plateau border (Figure 1.5). Due to
Laplace's law, there is a lower pressure in the Plateau border than in the lamella.
This causesa 
ow of liquid out of the lamella, thinning it. The samemechanism
as in the previousexampleyields a Marangoni force retarding the 
ow and hence
slowingthe thinning, which increasesthe lifetime of the �lm.

1.4.2 Volatile comp onents

Considera liquid composedof several components with di�erent surfacetensions,
of which one or more are volatile. Sincethe lamellae have a much larger ratio
of surfaceto volume than the Plateau borders, the concentration of the volatile
components in an a priori well-mixed solution will decreasemuch faster in the
lamellae. As the surfacetension of the solution dependson its composition, this
may leadto a Marangoniforcewhich either acceleratesor retardsthe 
o w of liquid
into the Plateau border, dependingon the surfacetensionsof the components. If
the volatile components have a lower surfacetension than the rest, the systemis
calledMarangoni positive. In this case,the evaporation leadsto a stabilization of
the foam. Otherwise, the systemis called Marangoni negative and the opposite
e�ect occurs(seefor example[44]).
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1p

p2 1p<

t = t0 t = t1

p2 1p

1p

<

retarding 
force

t = t0 t = t1

Figure 1.5: Slowing of �lm thinning. Top left: Liquid 
o ws into the Plateau
borderdueto pressuredi�erence, no surfactant present. Top right: The lamella
thins very fast and becomesunstable. Bottom left: Surfactant present;
Marangoni forceretards the 
o w. Bottom right: Film thinning happensmuch
slower.

1.4.3 Molecular forces

If a lamella becomesvery thin, molecular forcesbetween surfactants on either
side of the �lm may appear. An electric double layer can form at both sidesof
the lamella, which repel each other if the foam is thin enough. This leadsto a
stabilization of the �lm. More about the stabilization of foam �lms by molecular
forcescan be found for examplein [5].
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1.4.4 Surface viscosit y

A commonconceptfor the stabilit y of foamsthat is widely usedin applicationsis
the so-calledsurface viscosity. The basicideabehind it is that if liquids containing
surfactants form thin �lms, they have a sandwich-like structure. The outer layers
(adjacent to the gasphase)have a high surfactant concentration and do therefore
have a higher viscosity than the liquid in the interior layer. Theseviscousouter
layers act as a kind of skin that keepsthe lamella stable.

Remark It has to be noted that the concept of surface viscosity is di�er ent
from the commonNewtonian viscosity, which is not existent for two-dimensional
surfaces. A drawback to this idea is that surface viscosity is not correlated to the

uid viscosity and needs to be measured in a complicated way.

Although surfaceviscosity can be usedto explain aspects of foam stabilit y and
has been successfullyapplied in simulations, we are convinced that it is only
a symptom of the e�ects originating from Marangoni forcesacting in the �lm
and not an independent physical property. Therefore, we prefer to deal with
Marangoni forces directly and discard the concept of surface viscosity in this
thesis.

1.5 Asp ects of foam research

At this point, we want to give a short overview on research topics arising in
connectionwith foam and classifythis thesisin this context. Due to the complex
nature of foam, there are miscellaneousaspects in its behaviour on the di�erent
scaleswhich lead to a variety of physical and mathematical challenges.A general
overview on foams, experimental studies and applications is given in [5]. This
book is a good starting point, while it concentrates on phenomenologicalstudies
and simple heuristic models.

1.5.1 Foam creation

Foam is createdwhen gasand liquid are mixed. This may happen when a liquid
is stirred such that gas is introduced due to perturbations at the surface (for
examplewhen washing the dishes),or when gasdissolved in a liquid is released
due to a pressuredrop (for examplewhen opening a beerbottle).

While there are many studies of \foaminess" of solutions in controlled experi-
mental environments (for example[5]), to our knowledgethere exists currently
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no rigid mathematical model of foam creation that can be utilized in simulations
of real foams.

1.5.2 Geometry

Numerous researchers are interested in the geometry of foams. As mentioned
above, the geometrystrongly dependson the liquid content of the foam (Kugel-
schaum vs. Polyederschaum). The aim is to �nd feasiblefoamgeometries,usually
under the condition that they have someinteresting properties.

There are a number of very interesting geometrical problems arising with (in-
�nitely dry) foam. Although their signi�cance for the simulation of a real foam
may not be that great, we at least want to mention one of them, the so-called
Kelvin problem. The challenge of this problem is to �nd the space-�lling ar-
rangement of similar cellsof unit volume that hasthe minimal surfacearea. The
problem is closely related to the Kepler problem, which is to �nd the densest
packing of unit spheres.

Although in two dimensionsthis problem hasa very simple solution, the honey-
comb structure (Figure 1.6), it could only be proved very recently by Tom Hales
that this is indeed the optimal geometry [18]. Notably, he also proved the Ke-
pler conjecture in three dimensions[19], which was one of Hilbert's famous 23
mathematical problems.

Figure 1.6: Left: Honeycomb structure. Right: Spherepacking.

The three-dimensionalKelvin problemis even morecomplex(and still unsolved).
In 1887,Lord Kelvin proposeda possiblesolution [37], a slightly curved 14-sided
truncated octahedron which is now called the Kelvin cell (Figure 1.7). This
solution could not be improved for more than one hundred years,until in 1994
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Figure 1.7: Left: Kelvin cell. Right: Weaire-Phelancells.

Weaireand Phelanfound a structure consistingof six 14-sidedpolyhedraand two
12-sidedpolyhedra [41] that has a slightly smaller surface(per volume) (Figure
1.7). It shouldbe noted, that the Kelvin cell is still the optimal known solution if
only onekind of bubblesis allowed, and that there is still no proof of optimalit y
for either of the solutions.

1.5.3 Rheology

Often, one is not interested in the structure of a foam or small-scalebehaviour
such as the 
o w of liquid through lamellaeand Plateau borders, but one wants
to study the 
o w of a foam at the macroscopicscale,i.e. considerthe foam as a
continuous
uid. In order to do this, onehasto �nd the rheologicalpropertiesof
the foam which depend in turn on the mezoscopicproperties of the foam such as
its geometryand its liquid content.

A very dry foam, for example, has someproperties which are similar to those
of a solid, while a wet foam is much closerto a Newtonian 
uid. The aim is to
�nd a simple rheologicalmodel with as few coe�cien ts as possiblethat can be
determinedin a simple way.

An overview on foam 
o ws and the rheology of foam can be found for example
in [24] and [43].
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1.5.4 Decay and coarsening

In general, foams have only a limited lifetime and will by and by decay. As
we will discussin the following sections, the liquid content of a foam reduces
due to gravit y and the lamellae becomethinner until they eventually rupture
(theoretically the �lms may just becomein�nitesimally thin, but the thinner a
lamella is, the lessstableit becomesand at sometime it will rupture dueto outer
disturbances,unlessin a very controlled environment).

If a lamella bursts, bubbles will rearrangeuntil they reach a new equilibrium,
changingthe topologyof the foam. This is especially the caseif a lamellabetween
two bubblesruptures. In this case,the two bubblesmergeto one larger bubble;
this processis called coarsening.

Coarseningcan have two causes: the bursting of a lamella between two cells,
but alsodi�usion of gasthrough the lamellae. Theseare not totally impervious,
but gas di�uses through them slowly, if there is a pressuredi�erence between
neighbouring cells. Sincesmallerbubblesin generalhave a higher pressure,these
cells becomeeven smaller until they vanish, such that small bubbles disappear
with time, while large bubblesbecomeeven larger.

1.5.5 Foam drainage

A newly formedfoamis usually not in equilibrium, but liquid immediately begins
to drain out of it due to gravit y. This processis called foam drainage.

Commonly, the lamellaeare consideredto be thin and their contribution to the
drainage is neglected. Instead, the drainageis assumedto happen entirely in a
network of Plateau bordersand nodes. If one furthermore assumesa Poiseuille-
type 
o w through this network, together with somemore simpli�cations (seefor
example[42]), the following foam drainageequation for the cross-sectionalarea
of the Plateau border network can be derived:

@�
@�

+
@
@�

�
� 2 �

p
�

2
@�
@�

�
= 0 (1.2)

This is a dimensionlessequationin onespacedimension,asin this simplestcase�
is assumedto be only dependent on the height; � is essentially the liquid content
of the foam at a given height and time. Equation (1.2) is a kind of Darcy law for
porousmedia, which is not very surprising consideringthe structure of a foam.

More about history, experiments and the derivation of this equationcanbe found
in the reviewsof Andy Kraynik [23]and DenisWeaireet al. [42]. A mathematical
examination and the analysisof special solutions is given in [21] and [39].
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A more generalform of the foam drainageequation, allowing for slip conditions
at the gas-liquid-interfaces,is discussedin [22].

1.5.6 Film drainage

Unlike foam drainage,which describesthe 
o w of liquid through Plateau borders
due to gravit y, �lm drainagedenotesthe 
o w of liquid out of a lamella into the
Plateau bordersdue to capillary suction (Figure 1.8).

PSfrag replacements

Foam drainage

Film drainage

Figure 1.8: Foam drainagevs. �lm drainage.

The thicknessof foam �lms and their rate of thinning are of great importancefor
foam stabilit y and the lifetime of foams. Film drainageis the crucial e�ect that
leadsto the thinning of a lamella.

Wehavementioned above that �lm drainageis usually neglectedin foamdrainage
models,asit is assumedthat the lamellaeare very thin and do thereforenot con-
tribute much to the overall drainage. However, for wet �lms this is not necessarily
true, such that an examination of �lm drainagemay lead to an improved model
for foam drainage.

In this thesis, we will concern ourselves with the stabilit y and decay of foam
arising in car tanks during the tank-�lling process.Therefore,the main focusof
this work is placedon �lm drainage. In particular, we will considerthe thinning
of a single three-dimensionallamella stabilized by the Marangoni e�ect caused
by the presenceof a surfactant or a volatile component. A similar problem has
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already beenstudied in the dissertation of C. Breward, but in a more theoretical
and lessgeneralpoint of view [9].

Early studies of �lm thinning have beendone by Mysels, Shinoda and Frankel
in [29]. Schwartz and Princen studied dynamics of �lms pulled out of Plateau
borders in order to compute the e�ective viscosity of foams[34]. Vaynblat et al.
examinedmathematical phenomenain �lm rupture [38].

Somework hasalsobeendonefor thin �lms coating a surface,for examplein [4],
[32] and [17]. Analytical studies of equationsarising in such a context involve
[20] and [14].

1.6 Mo del of a real foam

It is important to understand that in a real foam, all of the aspects from the
previoussection in
uence each other. Hence,a simulation of a real foam has to
take all of thesee�ects into account. Theoretically, it may bepossibleto compute
the dynamicsof the completefoam on the mezoscopicscale,i.e simulate the 
o w
of liquid in the complex foam structure as well as the gas 
o w in each bubble.
However, this approach is computationally much too expensive.

Therefore,oneis interestedin developingmodelsfor the di�erent aspectsof foam
and then couple thesemodels in order to solve a speci�c problem. If one only
wants to simulate the macroscopic
o w of the foam,onemay usea homogenization
approach in order to obtain the rheologicalparametersfrom a mezoscopicmodel
of only a few bubbles. Moreover, creation, drainageand decay may be modularly
added.

In the application under consideration,in which this thesisis embedded,the aim
is to simulate the foam arising in a tank-�lling process. Since the foam has a
relatively short lifetime, its decay plays an important role for this task. In this
thesis, we are therefore interested in the thinning of foam lamellae in order to
predict the local lifetime of foamsdepending on its state.

1.7 Foams in gasoline and diesel fuel

Sinceweareinterestedin foamarising in a car tank, weneedto know the foaming
propertiesof gas(or gasoline,benzine)and dieselfuel, i.e. which e�ects and which
substancesare in which way responsible for the development of foam.
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Fuel is a compound of a multitude of chemicalsubstances,thereforethis question
is very di�cult to answer. However, we assumethat the e�ects discussedin
Section1.4 are also responsible for fuel foaming. In particular, we considerthe
Marangoni e�ect causedby surfactants and volatile components, as we assume
that theseare the dominant e�ects.

Remark In the remainder of this thesis, we wil l speak of gasolineand diesel,
or of fuel if we refer to both of them simultaneously.
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Chapter 2

Deriv ation of the thin �lm
equations (TFE)

The aim of this work is the simulation of the thinning of foam �lms in order to
obtain estimatesfor the rate of decay of foams. Therefore,we needto establish
a model for the evolution of such a �lm.

In this chapter, we will derive equationsdescribingthe 
o w of liquid inside of a
foam lamella and from such a lamella into the Plateau borders. We are dealing
with a geometryas in Figure 2.1, a thin �lm of liquid betweentwo gasbubbles
borderedby free liquid-gas interfaceson either side.

PSfrag replacements
Bubble

Bubble

Figure 2.1: Lamella betweentwo bubbles

In the following, we will considera thin parametrizable lamella with a center-
faceH (x; y; t) and thicknessh(x; y; t). The interfacesbetweenliquid and air are
situated at H (x; y; t) � 1

2h(x; y; t) (see Figure 2.2). We will present the basic
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Figure 2.2: Thin liquid �lm

equations describing the behaviour of a Newtonian liquid, a surfactant and a
volatile component. Thesewill be the basis for the derivation of the thin �lm
equationswhich will be studied further in this thesis.

2.1 Newtonian 
uid

2.1.1 Ph ysical mo del

In the following, we will present the basicmodel for the simulation of an incom-
pressibleNewtonian 
uid. We are dealing with the �lling of a car tank, hence
the liquid under considerationis gasolineor Diesel,both of which are compounds
of several hydrocarbons. However, at the moment we are only interested in the
fact that we can considerthem as incompressibleNewtonian 
uids, so the 
o w is
described by the Navier-Stokesequationswhosederivation can be found in any
standard 
uid dynamicsbook, for example[15].

ux + vy + wz = 0 (2.1)

� (ut + uux + vuy + wuz) = � px + � [uxx + uyy + uzz] + �g 1 (2.2)

� (vt + uvx + vvy + wvz) = � py + � [vxx + vyy + vzz] + �g 2 (2.3)

� (wt + uwx + vwy + wwz) = � pz + � [wxx + wyy + wzz] + �g 3 (2.4)

The indices denote derivatives. Equation (2.1) represents conservation of mass
and Equations (2.2) { (2.4) represent conservation of momentum in x-, y- and
z-direction, respectively. The components of the velocity uF of the 
uid are
denoted by u, v and w, p is its pressure, � its (constant) density and � its
viscosity. The left hand sidesof the momentum equationsdenoteinertial forces,
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which are balancedon the right hand side by the pressuregradient and viscous
forces. Moreover, we considerthe gravitational force � g, which is a body force
and acts on the whole 
uid.

2.1.2 De�nition of in terface parameters

We need to de�ne conditions at the free interfaces h� (x; y; t) := H (x; y; t) �
1
2h(x; y; t) betweenthe liquid and gasphases.Therefore,we �rst have to deter-
mine unit vectorsnormal and tangential to the interface,aswell asthe curvature
of the interface at a given point. The normal vector pointing from the interface
into the gasphaseis uniquely de�ned as follows:

n � =
� 1

q
1 + (h�

x )2 + (h�
y )2

0

@
� h�

x

� h�
y

1

1

A : (2.5)

We de�ne the �rst tangential vector such that it lies in the x-z-plane:

t �
1 =

1
p

1 + (h�
x )2

0

@
1
0

h�
x

1

A : (2.6)

The secondtangential vector t 2 is chosenin such a way that n, t 1 and t 2 form
an orthonormal system:

t �
2 =

1
q

(1 + (h�
x )2)(1 + (h�

x )2 + (h�
y )2)

0

@
� h�

x h�
y

1 + (h�
x )2

h�
y

1

A : (2.7)

Finally the meancurvature of the interface is given by

� � � =
((h�

x )2 + 1) h�
yy +

�
(h�

y )2 + 1
�

h�
xx � 2h�

x h�
y h�

xy
�
(h�

x )2 + (h�
y )2 + 1

� 3=2 : (2.8)

In all of the above expressions,\+" belongsto the upper interfaceh+ , and \ � "
to the lower interfaceh� .

2.1.3 In terface conditions

We have the following condition for the evolution of the interfaces:

w = h�
t + uh�

x + vh�
y ; (2.9)
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which meansthat the interfacemoveswith the velocity of the 
o w. Additionally ,
there are conditions for the equilibrium of normal and tangential forces:

� � � = (n � )>
�
T + p� �

�
n � ; (2.10)

t �
1 � r � = (t �

1 )>
�
T + p� �

�
n � ; (2.11)

t �
2 � r � = (t �

2 )>
�
T + p� �

�
n � : (2.12)

Hereby, T is the stresstensorof the fuel, which is for an incompressibleNewtonian

uid given by

T =

0

@
� p + 2�u x � (uy + vx ) � (uz + wx )
� (uy + vx ) � p + 2�v y � (vz + wy)
� (uz + wx) � (vz + wy) � p + 2�w z

1

A :

Moreover, the term p� �

represents the stresstensor of the air, where p� is the
pressurein the bubble adjacent to h� . Herewe assumefor simplicity that we are
dealing with a perfect gas.

The normal condition represents an equilibrium of capillary and pressureforces
(Laplace's law), while the tangential conditions balanceMarangoni and viscous
stress.As before,all of theseconditions are given for both interfaces.

We have an additional unknown quantit y here,the surfacetension � . In order to
closethe system,it will be related to the concentrations of surfactant or volatile
component, respectively. We will take a closer look at these dependenciesin
Sections2.2 and 2.3.

2.1.4 Nondimensionalization

We assumethat the dimensionof the lamella under considerationin x- and y-
direction is of the magnitude L and that its typical thicknessis d = "L � L,
where " is a small parameter. We assumefurthermore that the curvature of
the center-face of the �lm is small, such that H � L. Finally, we expect that
the surfacetension varies around a constant value 
 in the magnitude � 
 � 
 .
Basedon theseassumptions,we introducethe following dimensionlessvariables:

x = Lx 0 y = Ly 0 z = "Lz 0

u = Uu0 v = Uv0 w = "U w0

h� = "Lh 0� p = �U
L p0 t = L

U t0

� � = 
 + � 
 � 0�

(2.13)

Moreover, we introducethe following similarity parameters:
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� The dimensionlessReynolds number Re = �LU
� , which characterizesthe

relation betweeninertial and viscousforces.

� The Froud number Fr = U2

L , which has the dimensionof an acceleration.
The dimensionlessratio g

Fr characterizesthe relation betweengravitational
and inertial forces,whereg is the absolutevalue of the gravitational accel-
eration.

� The Capillary number Ca = �U

 , which is the ratio of viscousand capillary

forces.

� The Marangoni number Ma = � 

�U , which describes the relation between

Marangoni and viscousforces.

Plugging theseinto Equations (2.1) { (2.4), we obtain (dropping primes):

ux + vy + wz = 0;

"2Re(ut + uux + vuy + wuz) = uzz + "2

�
� px + uxx + uyy +

g � Re
Fr

egx

�
;

"2Re(vt + uvx + vvy + wvz) = vzz + "2

�
� py + vxx + vyy +

g � Re
Fr

egy

�
;

"2Re(wt + uwx + vwy + wwz) = � pz + wzz + "2

�
wxx + wyy +

g � Re
Fr

egz

�
:

The valuesegx , egy and egz are the coe�cien ts of the unit vector in direction of
the gravit y, that is g = geg.

Next, we processsimilarly for the interface conditions at z = h� (x; y; t). The
motion of the interface(2.9) becomes

w = h�
t + uh�

x + vh�
y : (2.14)
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The forcebalancesin normal and tangential directions (2.10) { (2.12) are

�
� "

Ca
+ " Ma � �

� h�
yy (1 + "2(h�

x )2) + h�
xx (1 + "2(h�

y )2) � 2"2h�
x h�

y h�
xy

�
1 + "2

�
(h�

x )2 + (h�
y )2

�� 3=2

= p� � p +
1

1 + "2
�
(h�

x )2 + (h�
y )2

�
h
2"2ux (h�

x )2 + 2"2(uy + vx )h�
x h�

y

� 2(uz + "2wx )h�
x � 2(vz + "2wy)h�

y + 2"2vy(h�
y )2 + 2wz

i

in normal direction, and

� " Ma (� �
x + � �

z h�
x )

=
1

1 + "2
�
(h�

x )2 + (h�
y )2

�
h
� 2"2uxh�

x � "2(uy + vx )h�
y + 2"2wzh�

x

+( uz + "2wx )
�
1 � "2(h�

x )2
�

� "2(vz + "2wy)h�
x h�

y

i

and

� " Ma (� "2� �
x h�

x h�
y + (1 + "2(h�

x )2)� �
y + h�

y � �
z )

=
1

1 + "2
�
(h�

x )2 + (h�
y )2

�
h
"2(uy + vx )

�
"2h�

x (h�
y )2 � h�

x

�
1 + "2(h�

x )2
��

+2"4ux(h�
x )2h�

y � 2"2(uz + "2wx )h�
x h�

y � 2"2vyh�
y (1 + "2(h�

x )2)

+( vz + "2wy)
�
1 + "2

�
(h�

x )2 � (h�
y )2

� �
+ 2"2wzh�

y

i

in the two tangential directions.

2.1.5 Asymptotic expansion

We expand the dimensionlessequationsin terms of the small parameter " . At
the moment, we make the following assumptionson the sizeof the parameters:

� "2Re � 1,

� " 2g Re
Fr � 1,

� " Ma � 1.

In Section2.1.6,we will considerwhich changeswe have to make if the assump-
tions above do not hold.
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We make the ansatz� = � 0 + "2� 1 + : : :, where� standsfor any of the unknowns.
Then we obtain in leading order:

u0x + v0y + w0z = 0; (2.15)

u0zz = 0; (2.16)

v0zz = 0; (2.17)

w0zz = p0z: (2.18)

At the interfaces� 1
2h0 we have:

w0 = H0t + u0H0x + v0H0y

�
1
2

h0t �
1
2

u0h0x �
1
2

v0h0y ; (2.19)

�
"

Ca
(H0xx + H0yy)

+
"

Ca

�
1
2

h0xx +
1
2

h0yy

�
= p� � p0 + 2w0z � u0zh0x � v0zh0y ; (2.20)

u0z = 0; (2.21)

v0z = 0: (2.22)

Theseequationscan be simpli�ed further. Integrating (2.16) and (2.17) together
with boundary conditions (2.21) and (2.22) yields

u0z = 0;

v0z = 0:

Plugging theseinto derivative of (2.15) with respect to z, we obtain with (2.18):

p0z = 0:

Hencethe horizontal velocities and the pressureare constant acrossthe �lm.

Next, we integrate (2.15) over [H0 � 1
2h0; z] and [z; H0 + 1

2h0], respectively. This
yields with (2.19) the following two equations:

0 = (u0x + v0y)(z � H0 +
h0

2
) + w0(z) +

h0t

2
+ u0

h0x

2
+ v0

h0y

2
� H0t � u0H0x � v0H0y

0 = (u0x + v0y)(H0 +
h0

2
� z) � w0(z) +

h0t

2
+ u0

h0x

2
+ v0

h0y

2
+ H0t + u0H0x + v0H0y

Adding thesegivesmassconservation:

h0t + (u0h0)x + (v0h0)y = 0 (2.23)
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Subtraction leadsto an expressionfor w0:

w0 = � z(u0x + v0y) + H0t + (u0H0)x + (v0H0)y: (2.24)

Finally, we obtain two expressionsby adding and subtracting the two boundary
conditions (2.20):

p0 = �
"

2Ca
(h0xx + h0yy) � 2(u0x + v0y) +

p+ + p�

2
; (2.25)

H0xx + H0yy =
Ca(p+ � p� )

2"
: (2.26)

The latter equationyieldsa temporally constant center-faceif weassumethat the
pressuresin the adjacent bubblesare constant. In the following, we will assume
for simplicity that p+ = p� = 0. Moreover, we assumethat all the Plateau
borders lie in the plane z = 0 such that H � 0.

Remark If Ca � " the scaling for p0 is no longer valid. In this case, the
pressure gradient may enter into the Navier-Stokesequations in leading order
and we obtain a lubrication-type equation. This wil l be considered in Section
2.1.6.

We now have the three equations(2.23) { (2.25) for the �v e unknowns h0, u0, v0,
w0 and p0. We needtwo more equationsin order to closethe system. Thesewill
be taken from the next order " 2:

Re(u0t + u0u0x + v0u0y) = � p0x + u0xx + u0yy + u1zz +
g � Re

Fr
egx ; (2.27)

Re(v0t + u0v0x + v0v0y) = � p0y + v0xx + v0yy + v1zz +
g � Re

Fr
egy : (2.28)

The related boundary conditions on � h0
2 are:

�
Ma
"

� �
x +

Ma
2"

� �
z h0x = u1z + w0x � u0xh0x �

h0y

2
(u0y + v0x ) � w0zh0x ;

�
Ma
"

� �
y +

Ma
2"

� �
z h0y = v1z + w0y � v0yh0y �

h0x

2
(u0y + v0x ) � w0zh0y :
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Integration of (2.27) and (2.28) acrossthe �lm together with these boundary
conditions leadsto

h0

h
p0x � u0xx � u0yy �

g � Re
Fr

egx + Re(u0t + u0u0x + v0u0y)
i

=
Ma
"

(� + + � � )x +
Ma
2"

h0x (� + � � � )z � w0x j h 0
2

+ w0x j � h 0
2

+ 2h0x (2u0x + v0y) + h0y(u0y + v0x ); (2.29)

h0

h
p0y � v0xx � v0yy �

g � Re
Fr

egy + Re(v0t + u0v0x + v0v0y)
i

=
Ma
"

(� + + � � )y +
Ma
2"

h0y(� + � � � )z � w0y j h 0
2

+ w0y j � h 0
2

+ 2h0y(u0x + 2v0y) + h0x (u0y + v0x ): (2.30)

Under the assumptionof symmetry, that is � +
x = � �

x and � +
z = � � �

z , together
with Equations (2.24) and (2.25), we obtain from (2.23), (2.29) and (2.30) a sys-
tem of three ODE's for the three unknowns h, u and v (dropping the subscripts):

0 = ht + (uh)x + (vh)y; (2.31)

0 =
Ma
"

(2� x + hx � z) +
"

2Ca
h(hxx + hyy)x

� Reh(ut + uux + vuy) + h
gRe
Fr

egx

+ 4(hux)x + 2(hvy)x + (hvx )y + (huy)y ; (2.32)

0 =
Ma
"

(2� y + hy � z) +
"

2Ca
h(hxx + hyy)y

� Reh(vt + uvx + vvy) + h
gRe
Fr

egy

+ 4(hvy)y + 2(hux)y + (huy)x + (hvx )x : (2.33)

Remark Note that the surface tension � stil l appears in theseequations. We
wil l relate this quantity to the surfactant concentration and to the concentration
of volatile component in the following sections. If none of theseis present, the
surface tension is constant and the corresponding terms drop out.
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2.1.6 Special cases

Up to now, we have assumedthat " 2Re � 1, " 2g Re
Fr � 1 and " Ma � 1. In this

section,we will considersomespecialcasesin which theseconditionsdo not hold.

Dominan t boundary forces

Considerthe casewhen " Ma is of order oneor higher. Sincewe assume� 
 � 

this means Ca � " . As we can seeon Equation (2.25), we have to rescale
the pressureand will use the scaling p = �U

" 2L p0. In this case,the dimensionless
Navier-Stokesequationsin leading order become:

u0x + v0y + w0z = 0; (2.34)

p0x = u0zz; (2.35)

p0y = v0zz; (2.36)

p0z = 0: (2.37)

The boundary conditions changeaccordingly (we assumefor simplicity � �
z = 0;

this will be motivated in Sections2.2.4and 2.3.5):

2w0 = � h0t � u0h0x � v0h0y (2.38)
"3

2Ca
(h0xx + h0yy) = � p0 (2.39)

� "Ma� �
0x = u0z (2.40)

� "Ma� �
0y = v0z (2.41)

Equation (2.37) yields constant pressureacrossthe �lm, hence(2.39) gives

p0 = �
"3

2Ca
(h0xx + h0yy):

Integration of (2.35) and (2.36) acrossthe �lm using (2.40) and (2.41) gives,
together with the expressionfor the pressure:

"2

2Ca
h0(h0xx + h0yy)x + Ma(� +

0 + � �
0 )x = 0;

"2

2Ca
h0(h0xx + h0yy)y + Ma(� +

0 + � �
0 )y = 0:

Then integrating (2.35) and (2.36) twice with (2.40) and (2.41) yields

u0 = �u +
"Ma

2
(� +

0 � � �
0 )xz +

"3

4Ca
(h0xx + h0yy)x

�
h2

0

12
� z2

�
;

v0 = �v +
"Ma

2
(� +

0 � � �
0 )yz +

"3

4Ca
(h0xx + h0yy)y

�
h2

0

12
� z2

�
;
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where

�u =
u0( h0

2 ) + u0(� h0
2 )

2
+

"3

4Ca
(h0xx + h0yy)x

h2
0

6
;

�v =
v0( h0

2 ) + v0(� h0
2 )

2
+

"3

4Ca
(h0xx + h0yy)y

h2
0

6
:

Note that the Marangoni term cancelsdue to symmetry. We observe that we no
longer have constant velocities u0 and v0 acrossthe �lm, but that we obtain a
parabolic velocity pro�le as in lubrication theory.

Finally, integrating (2.34) acrossthe �lm together with (2.38), we obtain mass
conservation:

h0t + (h0 �u)x + (h0�v)y = 0

The �nal systemfor h, �u and �v is then given by (using symmetry and leaving the
subscripts):

0 = ht + ( �uh)x + (�vh)y

0 =
2Ma

"
� x +

"
2Ca

h(hxx + hyy)x

0 =
2Ma

"
� y +

"
2Ca

h(hxx + hyy)y

Apart from the fact that the tangential velocity is no longer constant acrossthe
�lm, this is exactly the samemodel as we obtained before in (2.31) { (2.33) for
the casethat inertia and viscosity can be neglected,i.e. the �lm is dominated by
surfaceforces.

Mo del of a fast �lm

We will now considerthe casein which the liquid drains out of the lamella very
fast, i.e. the velocity scalingis so large that the condition " 2Re � 1 from Section
2.1.5 no longer holds. Assuming that inertia forcesenter in leading order, we
obtain the following system:

u0x + v0y + w0z = 0;

"2Re(u0t + u0u0x + v0u0y + w0u0z) = u0zz;

"2Re(v0t + u0v0x + v0v0y + w0v0z) = v0zz;

"2Re(w0t + u0w0x + v0w0y + w0w0z) = � p0z + w0zz;
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with boundary conditions:

w0 = �
1
2

h0t �
1
2

u0h0x �
1
2

v0h0y ;

"
2Ca

(h0xx + h0yy) = � p0 � u0zh0x � v0zh0y + 2w0z;

� "Ma� �
0x = u0z;

� "Ma� �
0y = v0z:

There are two possiblescenarios:

1. Marangoniandcapillary forcesarenegligible,and the tangential velocitiesu
and v areconstant acrossthe �lm. Then we obtain the following hyperbolic
system:

ht + (uh)x + (vh)y = 0;

ut + uux + vuy = 0;

vt + uvx + vvy = 0;

i.e. the 
o w is completely inertia-dominated.

2. Marangoni and capillary forcesenter at leading order; then u and v are
not constant acrossthe �lm. In this case,we are not able to simplify the
systemfurther. If the velocity scalingis very fast, Marangoni and capillary
forcesonly appear in leadingorder if " is large. Hence,this model describes
a relatively thick �lm for which the thin �lm approximations do not hold
and the full problem has to be solved.

Both of thesecaseswill not be studied any further in this thesis. The �rst case
describes a �lm which thins very quickly due to the high velocity of the 
o w,
such that it is very unstable and therefore not interesting for our application.
Moreover, sinceweexplicitly dealwith thin �lms in this work, wewill not consider
the secondmodel in more detail.

2.2 Surfactan t

2.2.1 Ph ysical mo del

In the caseof a foamstabilizedby the e�ect of a surfactant on the surfacetension,
we needa model describingthe behaviour of that surfactant. We denoteits bulk
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concentration by Cs and assumethat it is governedby convection and di�usion.
Thus, we obtain the following equation for Cs:

Cs
t + uCs

x + vCs
y + wCs

z = Ds(Cs
xx + Cs

yy + Cs
zz) (2.42)

The di�usivit y Ds is a material parameter which we assumeto be independent
of spaceand time.

2.2.2 Conditions at the free in terfaces

As already mentioned before,surfactants tend to assemble at the surfaceof the
liquid. Therefore, it is not su�cien t to considerthe concentration at the surface
as the trace of the bulk concentration, but a new quantit y is introduced, the
surfaceconcentration �. We assumethat � is governed by convection, di�usion
and a 
ux of surfactant from the bulk onto the surface,thus it is described by

� t + r � � (u � �) = r � � (D � r � )� + j: (2.43)

The index � stands for the surface,i.e. the directions spannedby the tangential
vectorsde�ned in Section2.1.2. The material parameterD � is the surfacedi�u-
sivity which is assumedto be constant, and j is the 
ux of surfactant from the
bulk.

We have to closethe systemby adding somemore equationsfor the newly intro-
ducedunknowns � and j , aswell asfor the surfacetension � . We needa relation
between� and Cs, which is introducedby a constitutive equation for the 
ux j ,

j = j (Cs; �) :

There are several such models in chemical literature, and we apply one of the
most commonones,the Langmuir-Hinshelwood equation (see[13])

j = k1(Cs(� 1 � �) � k2�) : (2.44)

In this model, the 
ux is assumedto be the di�erence betweenadsorption and
desorptionof surfactant at the surface.The adsorption is proportional to

� the bulk concentration Cs, i.e. the \reservoir" of surfactant in the bulk;

� the di�erence of the saturation concentration � 1 and the concentration of
surfactant at the surface�, i.e. the \space" that is left at the surface.

For the desorptionwe have a similar model, i.e. it is proportional to
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� the concentration of surfactant at the surface(the reservoir);

� a constant material parameter k2. This parameter models the spaceas in
the adsorption. However, for the desorptionit is assumedthat the variation
in the bulk surfactant concentration is small comparedto the saturation
concentration in the bulk, such that it can be approximated by a constant.

The material parametersk1 and k2 also determine the relative magnitudes of
adsorption and desorption.

It is often assumed(see[13]) that the adsorption processhappens on a much
faster time scalethan the other e�ects. In this case,(2.44) reducesto a relation
for the thermodynamic equilibrium called the Langmuir isotherm,

� =
� 1 Cs

k2 + Cs
: (2.45)

Another relation betweenthe 
ux j and the bulk concentration Cs canbederived
under the assumptionthat the 
ux onto the surfacein the bulk is controlled by
di�usion and thereforegiven by

j = � Ds
@Cs

@n

=
Dsq

1 + (h�
x )2 + (h�

y )2

�
� Cs

z � h�
x Cs

x � h�
y Cs

y

�
: (2.46)

In contrast to Equation (2.44), this describes the behaviour in the bulk and not
at the interface. However, due to continuity reasons,the two expressionsare
equal at the interface. Therefore, we can eliminate j and obtain two equations
by equating (2.46) and (2.43) on the onehand and (2.46) and (2.44) on the other
hand. Using (2.6) and (2.7) we get

k1(Cs(� 1 � �) � k2�) =
Dsp

4 + h2
x + h2

y

�
� 2Cs

z + hxCs
x + hyCs

y

�
(2.47)
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and

0 = � �
t +

1
p

4 + h2
x

"  
4u� � � 2hxw� �

p
4 + h2

x

!

x

� hx

 
2u� � � hxw� �

p
4 + h2

x

!

z

#

+
1

q
(4 + h2

x )(4 + h2
x + h2

y)
�

2

6
4 � hxhy

0

@� hx hyu� � + (4 + h2
x )v� � � 2hyw� �

q
(4 + h2

x )(4 + h2
x + h2

y)

1

A

x

+ (4 + h2
x )

0

@� hxhyu� � + (4 + h2
x )v� � � 2hyw� �

q
(4 + h2

x )(4 + h2
x + h2

y)

1

A

y

� 2hy

0

@� hx hyu� � + (4 + h2
x )v� � � 2hyw� �

q
(4 + h2

x )(4 + h2
x + h2

y)

1

A

z

3

7
5

+
D �

�p
4 + h2

x + h2
y

"

hx

 
hx � �

x + hy � �
y � 2� �

zp
4 + h2

x + h2
y

!

x

+ hy

 
hx � �

x + hy � �
y � 2� �

zp
4 + h2

x + h2
y

!

y

� 2

 
hx � �

x + hy � �
y � 2� �

zp
4 + h2

x + h2
y

!

z

3

5

� D �
� (� �

xx + � �
yy + � �

zz) �
Dsp

4 + h2
x + h2

y

�
� 2Cs

z + hxCs
x + hyCs

y

�
:

(2.48)

2.2.3 In
uence on the surface tension

Finally, weneeda relation betweenthe surfacetensionand the surfactant concen-
tration. Therefore,we apply the Frumkin equation (or von Szyckowskiequation,
see[13])

� ? � � = � R�� 1 ln
�

1 �
�

� 1

�
: (2.49)

which models that relation for a wide rangeof surfactants. Here R denotesthe
gas constant, � the temperature and � ? the surfacetension of the pure liquid
without surfactant. Note that this equation has a singularity for � = � 1 and
thereforebecomesinvalid in this limit. However, we will only considerrelatively
small concentrations in which this model is a good approximation of the real
behaviour.
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In thermodynamic equilibrium, we can plug (2.45) into (2.49) and obtain after
di�erentiation:

� x = � R�� 1
Cs

x

Cs + k2
; (2.50)

� y = � R�� 1
Cs

y

Cs + k2
; (2.51)

� z = � R�� 1
Cs

z

Cs + k2
: (2.52)

Remark For the thin �lm model (2.31) { (2.33), only the spatial derivativesof
the surface tension are needed.

For small concentrations Cs � k2, we cansimplify (2.45) and (2.50) { (2.52) even
further to obtain the linear relations

� =
� 1

k2
Cs;

� x = �
R�� 1

k2
Cs

x ;

� y = �
R�� 1

k2
Cs

y ;

� z = �
R�� 1

k2
Cs

z :

2.2.4 Nondimensionalization

Additionally to the dimensionlessvariables introduced in (2.13), we nondimen-
sionalizeCs and � by:

Cs = C?Cs0;

� � = � ?� �0 :

We also introducesomesimilarity parameters:

� The P�eclet number Pe = UL
D s

, which characterizesthe relation of convection
and di�usion in the bulk.

� The interfaceP�eclet number Pe� = UL
D �

, which doesthe sameat the liquid-
air interface.
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� The replenishment number S = D s C?

U� ? , which is the relation of di�usion from
the bulk onto the surfaceand convection at the surface.

� Moreover, we introduce � = � ?

� 1
and � = C?

k2
which describe the order of

magnitudeof the concentrations comparedto the saturation concentrations.

With these, the convection-di�usion equation (2.42) for the bulk concentration
of the surfactant becomes(we drop the primes again):

"2Pe(Cs
t + uCs

x + vCs
y + wCs

z) = "2Cs
xx + "2Cs

yy + Cs
zz: (2.53)

At the interfacesz = � h
2 , we consider(2.48) to obtain:

0 = � �
t +

1
2

�
(2u� � )x � hx (u� � )z

�
+

1
2

�
2(v� � )y � hy(v� � )z

�

�
1

Pe�
(� �

xx + � �
yy + � �

zz) +
1

4Pe�

h
� 2hx � �

xz � 2hy � �
yz � 2(hx � �

x )z

� 2(hy � �
y )z +

4
"2

� �
zz � (h2

x + h2
y)� �

zz

i

�
"S
2

�
2
"2

Cs
z � hxCs

x � hyCs
y �

1
8

(h2
x + h2

y)Cs
z

�
+ O("2) (2.54)

Equation (2.47) becomes:

Ds

"k 1L� ?
p

4 + "2h2
x + "2h2

y

�
� 2Cs

z + "2hxCs
x + "2hyCs

y

�
=

Cs

�
� Cs� �

�
�

: (2.55)

Finally, we have the Frumkin equation (2.49) for the relation of surfacetension
and surfactant concentration,

� ? � 
 � � 
 � = � R�� 1 ln (1 � ��) : (2.56)

2.2.5 Asymptotic expansion

We assumethat the �lm is in thermodynamic equilibrium, that is D s
"k 1L � ? � 1,

such that Equation (2.55) reducesto the Langmuir isotherm

� 0 =
�
�

Cs
0

1 + � Cs
0
: (2.57)

The �rst and secondderivativesof this expressionwith respect to x are

� 0x =
�
�

Cs
0x

(1 + � Cs
0)2
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and

� 0xx =
�
�

Cs
0xx

(1 + � Cs
0)2

�
2� 2

�
(Cs

0x )2

(1 + � Cs
0)3

:

The derivativeswith respect to y and z are computedanalogously. Thus, we can
replaceall occurrencesof � with the above expressions.We make the following
assumptions:

� "2Pe � 1,

� "2Pe� � 1 or "
S � 1.

The �rst condition is the equivalent to " 2Re � 1 from Section2.1.5. The second
oneis related to the �rst via the velocity scalingU and ensuresthat the interface
conditions are consistent.

We obtain for the bulk in leading order:

Cs
0zz = 0: (2.58)

The interfacecondition (2.54) becomes

� "SPe� Cs
0z =

�
�

Cs
0zz

(1 + � Cs
0)2

�
2� 2

�
(Cs

0z)2

(1 + � Cs
0)3

:

Assumingcontinuity of Cs
0zz, this simpli�es to

� "SPe� Cs
0z =

2� 2

�
(Cs

0z)
2

(1 + � Cs
0)3

This yields
Cs

0z = 0

at the interfacesand hencetogether with (2.58)

Cs
0z = 0

everywhere.

In order to obtain an evolution equation for the concentration Cs, we have to
proceedto the next order, getting:

Pe(Cs
0t + u0Cs

0x + v0Cs
0y) = Cs

0xx + Cs
0yy + Cs

1zz

with interfacecondition

0 = (Cs
0t + u0Cs

0x + v0Cs
0y) + (1 + � Cs

0)(u0xCs
0 + u0yCs

0)

+
2�

Pe� (1 + � Cs
0)

�
(Cs

0x )2 + (Cs
0x)2

�
�

1
Pe�

(Cs
0xx + Cs

0yy)

�
"S�(1 + � Cs

0)2

2�
(h0xCs

0x + h0yCs
0y � 2Cs

1z):
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Integration acrossthe �lm yields (dropping zeros)

0 =
�

2�
"S�(1 + � Cs

0)2
+ Peh

�
(Cs

t + uCs
x + vCs

y )

+
2�

"S�(1 + � Cs)
(uxCs + uyCs) +

4� 2

"SPe� �(1 + � Cs)3

�
Cs2

x + Cs2
y

�

�
2�

"SPe� �(1 + � Cs
0)2

(Cs
xx + Cs

yy) � (hCs
x )x � (hCs

y )y:

In the following, we will make in accordanceto [9] the assumptionthat surface
di�usion can be neglected,i.e. Pe� is large. Then this equation simpli�es to

0 =
�

2�
"S�(1 + � Cs

0)2
+ Peh

�
(Cs

t + uCs
x + vCs

y)

+
2�

"S�(1 + � Cs)
(uxCs + uyCs) � (hCs

x)x � (hCs
y )y: (2.59)

2.2.6 Surface tension

Plugging (2.57) into the Frumkin equation (2.56), we obtain the following rela-
tions:

� x = �
R�� 1

� 

Cs

x

1 + � Cs
;

� y = �
R�� 1

� 


Cs
y

1 + � Cs
;

� z = �
R�� 1

� 

Cs

z

1 + � Cs
= 0:

Note that in the equations derived in the Section 2.1.5 only these derivatives
occur. Moreover, this validates the assumption� z = 0.

2.3 Volatile comp onent

2.3.1 Ph ysical mo del

Real gasor Dieselfuel is a mixture of a variety of di�erent components with dif-
ferent physical properties such assurfacetensionand boiling point. We consider
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a simple model of a mixture of two liquid components, oneof which is volatile at
the given temperature.

As in the caseof a surfactant, the volatile component is assumedto be governed
by convection and di�usion. We denote its concentration in the mixture by Cv

and obtain a similar equation as before:

Cv
t + uCv

x + vCv
y + wCv

z = Dv(Cv
xx + Cv

yy + Cv
zz) (2.60)

with constant di�usivit y Dv.

2.3.2 In terface conditions

In order to �nd the correct interfacecondition for the concentration of the volatile
component, we consideran (in�nitesimal) control volume
 at the interfaceh+ as
in Figure 2.4. Let the velocity of the interfacebe v I and recall that the velocity

PSfrag replacements




h+
n 
 = n

n 
 = � n

�

"
@
 1

@
 2
@
 3 @
 4

Air

Liquid

Figure 2.4: Derivation of the boundary conditions

of the 
uid is uF . Sincewe consideran in�nitesimally small control volume we
can assumethat v I � const on 
. The vector n 
 denotesthe normal on the
boundariesof 
 while n is the normal on the interfaceh+ . The parameters" and
� are small.

Integrating Equation (2.60) over the control volume, and applying Stokes' theo-
rem, we obtain

Z




Cv
t = �

Z




(u � v I ) � r Cv + Dv

Z




� Cv

=
Z

@


(u � n 
 � v I � n 
 )Cv � Dv

Z

@


n 
 � r Cv;

If we let " tend to zero, this becomes
Z

@
 1

((u � n � v I � n)Cv � Dvn � r Cv) =
Z

@
 2

((u � n � v I � n)Cv � Dvn � r Cv)
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sincethe contribution from the boundaries@
 3 and @
 4 vanishes.

The left hand side of this equation describes the 
ux of the volatile component
through the interfaceh+ . Liquid only leaves
 through this part of the boundary
by evaporation, hencewe equatethis term to the amount of volatile component
evaporating per surfacearea,e. Letting � tend to zerowe obtain :

� Dvn � r Cv + Cv(uF � n � v I � n) = e:

The same holds for the non-volatile component, with the di�erence that the
evaporation is zero:

Dvn � r Cv + (1 � Cv)(uF � n � v I � n) = 0:

Combining thesetwo equationsyields

� Dvn � r Cv = (1 � Cv)e

and
uF � n � v I � n = e:

The sameconsiderationscan be done for the interface h� , and the results may
be rewritten as

� Dv(Cv
z � h�

x Cv
x � h�

y Cv
y ) = (1 � Cv)e

q
1 + (h�

x )2 + (h�
y )2 (2.61)

and
w = h�

t + uh�
x + vh�

y + e
q

1 + (h�
x )2 + (h�

y )2: (2.62)

Remark The equation describing the evolution of the interface (2.9) must be
modi�e d in the caseof evaporation and replaced by (2.62).

2.3.3 Determination of the evaporation rate

This leavesus with the determination of the evaporation rate e, for which we use
a simpli�ed evaporation model as given in [11]. We assumethat the interface
is in thermodynamic equilibrium, i.e. the vapour pressurepv at the interface is
equal to the saturation pressurepsat . From this condition, the density of the
vapour can be determined. The evaporation rate is equal to the negative density
gradient of the vapour at the interface,

e = � nr � v ;

where � v denotesthe density of the vapour. In order to compute this quantit y,
we assumethat the vapour in the bubble is only transported due to di�usion and
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neglectconvection e�ects. Note that we alsoassumea constant temperature such
that we do not considerthe energyequation.

We make a further simpli�cation and assumethat the total density of the gas
(air + vapour) is constant in spacesuch that we obtain

� v
t = Dv � � v

in the bubble 
 B . Here D v is the di�usivit y of the vapour in air. From the
condition

pv = psat

we obtain
� v = � (psat )

as boundary condition on @
 B . For more details we refer to [11].

2.3.4 In
uence on the surface tension

As for the surfactant, we still needa relation betweenthe concentration Cv and
the surfacetension. For the surfacetension � , we assumethe simple relation

� = Cv 
 v + (1 � Cv)
 l ; (2.63)

where
 v is the surfacetensionof the volatile component and 
 l that of the basic
liquid.

2.3.5 Nondimensionalization

We introducetwo more dimensionlessvariables,

Cv = ~C?Cv0;

e = e?e0;

and de�ne the following quantities:

� The P�eclet number fPe = UL
D v

for the volatile component. This is exactly
the sameas for the surfactant and characterizesthe relation of convection
and di�usion.

� The parameterS = Le?

D v ~C? relatesevaporation and di�usion.

� The parameterE = e?

U characterizesthe relation betweenevaporation and
convection.
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The bulk equationsare the sameas for the surfactant, in particular

"2fPe(Cv
t + uCv

x + vCv
y + wCv

z ) = "2Cv
xx + "2Cv

yy + Cv
zz: (2.64)

At the interfaceswe have

�
1

"S
(2Cv

z � "2hxCv
x � "2hyCv

y ) = (1 � ~C?Cv)e
q

4 + "2h2
x + "2h2

y (2.65)

and
2w = � ht � uhx � vhy �

E
"

e
q

4 + "2h2
x + "2h2

y (2.66)

The latter equation replaces(2.14).

2.3.6 Asymptotic analysis

As in the previouscases,we make someassumptions:

� "2fPe � 1,

� S . O("),

� E . O(").

The �rst condition is the sameas for the surfactant case(seeSection2.2.5). If
the other two conditions do not hold, evaporation is dominant and the �lm thins
mainly due to this e�ect. In this case,the scalingwe have assumedis incorrect
and the equationsneedto be rescaled.

The leading order systemreads

Cv
0zz = 0

with interfacecondition
Cv

0z = 0

at both sidesof the �lm, leading to

Cv
0z = 0

also in the bulk.

In order to get a closedsystem,we proceedagain to order O(" 2):

fPe(Cv
0t + u0Cv

0x + v0Cv
0y) = Cv

0xx + Cv
0yy + Cv

1zz: (2.67)
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At the interfaces,the following condition holds:

�
"
S

(2Cv
1z � h0x Cv

0x � h0yCv
0y) = 2(1 � ~C?Cv)e0: (2.68)

Integration of (2.67)togetherwith (2.68) leadsto the model for a liquid containing
a volatile component:

0 = h0
fPe(Cv

0t + u0Cv
0x + v0Cv

0y) +
2S
"

(1 � ~C?Cv)e0

� (h0C0x )x + (h0C0y)y : (2.69)

Moreover, Equation (2.19) is replacedby

w0 = �
1
2

h0t �
1
2

u0h0x �
1
2

v0h0y �
E
"

e0;

which leadsto a modi�ed equation for the massconservation (2.23):

h0t + (u0h0)x + (v0h0)y +
2E
"

e0 = 0: (2.70)

2.3.7 Surface tension and evaporation rate

Weneedto determinethe in
uence of the concentration Cv on the surfacetension
� . Equation (2.63) yields

� 0x =
~C?(
 v � 
 l )

� 

Cv

0x :

We will in the following assumethat (
 v � 
 l ) � � 
 , such that the concentration
of the volatile component is of order one, i.e. ~C? = 1. If the concentration is
of a smaller order, the variation of the surfacetension is too small to in
uence
the 
o w of liquid in a noticeableway. Note that this meanswe have the relation
S = fPeE.

Finally, we needto determine the evaporation rate e0. We will in the following
assumethat evaporation hasonly a small in
uence on the vapour concentration
in the bubble, such that e0 is approximately constant.
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2.4 Summary

In this chapter, we have derived equationsdescribingthe evolution of thin �lms
under the e�ects of inertia, viscosity, capillarity, gravit y, surfactants and volatile
components. In the following, we will present the equationsderived in the previ-
oussectionsoncemore in compact form for the three di�erent cases.

2.4.1 Pure liquid

This is the model wederived for a pure liquid without the presenceof a surfactant
or a volatile component.

0 = ht + (uh)x + (vh)y; (2.71)

0 =
"

2Ca
h(hxx + hyy)x � Re� h(ut + uux + vuy)

+ h
g � Re

Fr
egx + 4(hux)x + 2(hvy)x + (hvx )y + (huy)y ; (2.72)

0 =
"

2Ca
h(hxx + hyy)y � Re� h(vt + uvx + vvy)

+ h
g � Re

Fr
egy + 4(hvy)y + 2(hux )y + (huy)x + (hvx )x : (2.73)

2.4.2 Presence of a surfactan t

This system describes the caseof a liquid with the presenceof a surfactant.
Abbreviating

� =
R�� 1

� 

;

we obtain:

0 = ht + (uh)x + (vh)y; (2.74)

0 = �
2Ma�

"
Cs

x

1 + � Cs
+

"
2Ca

h(hxx + hyy)x

� Reh(ut + uux + vuy) + h
gRe
Fr

egx

+ 4(hux)x + 2(hvy)x + (hvx )y + (huy)y; (2.75)
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0 = �
2Ma�

"

Cs
y

1 + � Cs
+

"
2Ca

h(hxx + hyy)y

� Reh(vt + uvx + vvy) + h
gRe
Fr

egy

+ 4(hvy)y + 2(hux)y + (huy)x + (hvx )x ; (2.76)

0 =
�

2�
"S�(1 + � Cs

0)2
+ Peh

�
(Cs

t + uCs
x + vCs

y )

+
2�

"S�(1 + � Cs)
(uxCs + vyCs) � (hCs

x)x � (hCs
y )y: (2.77)

2.4.3 Presence of a volatile comp onent

Finally, this is the model for a mixture of two liquid components oneof which is
volatile. With

~� =

 l � 
 v

� 


we obtain

0 = ht + (uh)x + (vh)y +
2E
"

e; (2.78)

0 = �
2Ma~�

"
Cv

x +
"

2Ca
h(hxx + hyy)x � Reh(ut + uux + vuy)

+ h
gRe
Fr

egx + 4(hux )x + 2(hvy)x + (hvx )y + (huy)y; (2.79)

0 = �
2Ma~�

"
Cv

y +
"

2Ca
h(hxx + hyy)y � Reh(vt + uvx + vvy)

+ h
gRe
Fr

egy + 4(hvy)y + 2(hux)y + (huy)x + (hvx )x ; (2.80)

0 = hfPe(Cv
t + uCv

x + vCv
y ) +

2fPeE
"

(1 � Cv)e � (hCv
x )x � (hCv

y )y: (2.81)

Remark The parameter ~� can be either positive or negative depending on the
values of the surface tension for the two components. If it is positive (i.e. if
� l > � v), wehavea Marangonipositive 
uid and the �lm is stabilized. Otherwise,
the 
uid is Marangoni negative and the decay is accelerated.
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Chapter 3

Analysis of a foam �lm in fuel

In the previouschapter, we have derived a systemof equationsfor the description
of a thin �lm betweentwo free surfaces.We have consideredall the phenomena
that we assumeto play an important role in the thinning process. In particu-
lar, theseare inertia, viscosity, capillarity, gravit y, and Marangoni forcesdue to
the presenceof surfactants or a volatile component. Moreover, we have derived
equationsmodelling the surfactant and volatile component.

In the following, we will consider the original problem, i.e. the thinning of a
real foam lamella occuring in gasolineor diesel. We will analyze under which
circumstancesand in which parts of the foamwecanapply the thin �lm equations
(2.71) { (2.81) and formulate a model for the description of the behaviour of a
foam �lm.

At �rst, we will discussthe computational domain in Section3.1 and the initial
and boundary conditions in Section3.2. Moreover, the relevant physical param-
eters will be determined in Section 3.3. When the complete model has been
formulated in Section3.4, we will discussits analytical properties (Section 3.5)
and then develop a schemefor its numerical solution (Section 3.6). The chapter
is closedwith an error analysisin Section3.7.

3.1 Setting of the problem

We dealwith the foam arising in a car tank during the �lling process.In order to
gain knowledgeabout its decay rate, we study the thinning of single foam �lms.
Therefore,we have to study the environment of the given processand the general
behaviour of fuel and foam in the process.
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When we develop the model for a lamella, we have to take the circumstances
of its formation into account. There are two main reasonsfor the presenceof
foam during the �lling of a car tank. On the one hand, a typical tank has a
very complex geometry, since it is among the last components to be designed
in a car and is literally squeezedinto the remaining space. The 
o w of fuel in
such a geometryis thereforeconfronted with obstaclesand turnings which leadto
disturbancesand turbulencesat the surfaceof the 
uid. This causesthe creation
of foam just like the stirring of soapy water.

On the other hand, the 
uid entering the tank through the fuel nozzleis already
an emulsion of fuel and air. The reasonfor this is that during the �lling of the
tank, benzeneand air are sucked out and mixed with the fuel.

In the following, we assumeon this basisthat we can considera foam starting as
a spherepacking and drying dueto drainage. The computation starts at the time
when the �lm is thin enoughsuch that the thin �lm �lm approximations can be
applied. We will discussin Section3.2 which initial conditions can be used.

Computational domain

In Chapter 2, we have not taken any boundary conditions into account (only
interfaces), but consideredthe Riemann problem in one and two dimensions.
However, a real lamella obviously hasa �nite extension. In order to simulate its
behaviour, we thereforeneedto determinea suitable computational domain.

Let us �rst considerthe caseof a two-dimensionallamella as in Figure 3.1. We
assumethat it is symmetric with respect to the axis x = 0. Weneedto pay atten-

PSfrag replacements
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Figure 3.1: Computational domain for a 2D lamella

tion to two aspects when de�ning the (one-dimensional)computational domain.
On the onehand, the error madein the thin �lm approximations dependson the
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ratio " of thicknessand length of the lamella. Hence,the approximation becomes
worsein the transition region. On the other hand, wewill show in Section3.2that
the boundary conditions are best prescribed in the center of the Plateau border.
A compromisebetweenthesetwo con
icting criteria will be found depending on
the magnitude of " .

Let us next considera three-dimensionallamella as shown in Figure 3.2. As we

Figure 3.2: Shape of a 3D lamella

have seenin Chapter 1, a foam bubble is approximately a polyhedron,hencethe
lamella is a polygon (one faceof a polyhedron). For the computations, we will
restrict ourselves to pentagonal lamellae,sincetheseare dominant in real foams
(see[16]).

Remark The reasonfor this is Plateau's law whichdemandsan angleof approx-
imately 109:5� between two Plateau borders. This condition can only be ful�l led
if Plateau borders are curved. This curvature can have the smallest valuesin a
pentagon,since the mean inner angleis with 108� very closeto the required value
of 109:5� . The next closershape is the hexagonwith a mean angleof 120� , while
for all other polygonsthesevaluesdi�er much more from 109:5� , which leadsto a
higher curvature of the Plateau borders. Therefore, 5-sided polygonsare energet-
ically favourabledue to their smallest surface per unit volumecompared to other
lamella shapes.

Moreover, we considera regular polyhedron and assumea symmetric problem,
such that the computational domain may be reducedto a triangle as shown in
Figure 3.3.

Remark If gravity is considered in the equations, the assumptionof symmetry
does not hold in general and the full lamella has to be taken into account in the
computations.
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Figure 3.3: Computational domain for polygonal lamella

Further assumptions

The following assumptionsare madeabout the model:

� Exterior forcesacting on the lamella due to the foam 
o w are negligible.

� The geometryof the computational domain is consideredto be constant in
time.

� The curvature of the Plateau borderscan be neglected.

Convention

Due to the thin �lm approximation, the spatial dimension of the problem has
beenreducedby one. The 1D problem corresponds to a 2D lamella, while the
2D problem corresponds to a 3D lamella. In the following, we will refer to the
di�erent casesby the spatial dimensionof the problem, not that of the lamella.

3.2 Initial and boundary conditions

As we have alreadymentioned in the previoussection,no boundary conditionsat
the endsof the thin �lm have beenconsideredin Chapter 2. In this chapter how-
ever, we are dealing with real foam lamella. Therefore,we discussconditions at
the boundariesof the computational domain. Moreover, the challengeof �nding
initial valuesfor the lamella problem is addressed.
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3.2.1 One-dimensional problem

We �rst consider the simpler caseof a two-dimensionalfoam as in Figure 3.1.
Apart from the initial solution, which will be discussedin Section3.2.3,we need
conditions at the boundariesx = 0 and x = 1.

Symmetry conditions at x = 0

We have no di�culties in de�ning boundary conditions here since we assume
symmetry of the solution with respect to x = 0. In particular this meansthat for
the �lm thicknessh, the velocity u and the concentrations Cs andCv, respectively,
we have

hx = 0; (3.1)

u = 0; (3.2)

Cs=v
x = 0: (3.3)

In Section3.4, we will introducea fourth order regularization term for the thick-
nessh. Therefore,we obtain another symmetry condition, namely

hxxx = 0: (3.4)

Conditions at the Plateau border (x = 1)

The task of �nding conditionsat the Plateauborder endof the lamella is lesstriv-
ial. Although there are symmetriesin the Plateau border (seeFigure 3.4), these
are outside of the computational domain and thereforenot directly utilizable.

We begin with the discussionof conditions for h. For a thin �lm, the curvature
of the interface is much larger in the Plateau border than in the lamella part.
Hence,the Plateau border is dominated by capillary pressure,and the curvature
is approximately constant there. We denote this (dimensional) curvature by � 0

and �nd that its order of magnitude is betweenL � 1 and ("L ) � 1, i.e. the radius
of curvature is somewherebetween the length of the lamella and its thickness,
depending on the liquid content and the history of the foam.

Sincethe curvature of the Plateau border is the main reasonfor �lm thinning,
we will prescribe it as boundary condition for the thin �lm equations. Recall
that in the thin �lm approximation, the curvature of the interface is given by
� h (� denotesthe Laplace operator) and for a capillarity-dominated �lm, the
momentum equation reducesto hxxx = 0 in 1D. In dimensionlessvariables, the
curvature of the Plateau border is thereforegiven by � = " � 1� 0.
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Figure 3.4: Boundary at x = 1

The �rst boundarycondition for the thicknessh at the Plateauborder is therefore

hxx = �: (3.5)

There are several possibilities to de�ne the secondcondition for h:

1. One approach is to assumethat the liquid, which is draining out of the
lamella into the Plateauborder, is completelytransported away dueto foam
drainage. In this case,the thicknessh at the boundary can be assumedto
be constant.

More generally one may couple the thin �lm model with a foam drainage
model, such that the 
o w into the Plateau border acts as a sourcein the
foam drainage equations. In this casethe thicknessand curvature at the
boundary x = 1 may be obtained at each time-step from the drainage
model, that is

h(1; t) = hP B (t): (3.6)

2. We can directly usethe reducedmomentum equation and set

hxxx = 0: (3.7)

If hP B is given or canbe obtained, the �rst approach is to be preferred. However,
in general we do not have this information such that we will use the second
alternative, although it is a lessexact approximation.

Next, considerthe velocity u, for which one more condition at x = 1 is needed.
There are several possibilities for this, and in the following, we will discusstheir
advantagesand disadvantages.
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1. The velocity of the 
o w is zero at center C of the Plateau border due to
symmetry reasons(seeFigure 3.4). Therefore, we assumethat it is small
closeto the center and onepossibility is to set

u(1) = 0:

However, this approach only works if the computational domain includesa
large part of the Plateau border.

2. Another possiblecondition is to set ux (1) = 0, but as in the �rst case,this
is only a good approximation closeto the center of the Plateau border.

3. A third approach is to set constant 
ux at x = 1, that is

(uh)x = 0: (3.8)

Plugging this into the massequation,weobserve that this resultsin ht (1) =
0, such that the thicknessof the lamella at the boundary remainsconstant.
If the behaviour of the thicknessof the Plateauborder is known (for example
from a coupling with a foam drainage equation), this condition can be
improved to

(uh)x = � ht (1)

at the boundary x = 1.

In the following, we will usethe third approach.

Finally the concentrations Cs and Cv, respectively, are considered. Two possi-
bilities suggestthemselves. On the one hand we may assumethat the Plateau
border acts as a kind of large container in which the concentration is approxi-
mately constant due to the fact that the in
uence from the lamella is small. In
this case,we set the boundary concentration equal to this constant value, that is

Cs=v = Cs=v
P B : (3.9)

However, this is not adequate if we assumea thicker �lm in which casethe
in
uence from the lamella can no longer be neglected. In that case,we still
assumethat the concentration is approximately constant in the Plateau border
but varieswith time. Then we prescribe a homogeneousNeumanncondition,

Cs=v
x = 0: (3.10)

We will considerboth of thesealternatives in the computations.
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3.2.2 Tw o-dimensional problem

We considera triangular domain as in Figure 3.5, wherewe have two boundaries
at which we prescribe symmetry conditions (@
 1) and oneboundary situated at
the Plateau border (@
 2). We will seethat most of the conditions derived in the
previoussectioncan be transferred to the three-dimensionalcase.
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Figure 3.5: Computational domain

Symmetry conditions at @
 1

We have homogeneousNeumann conditions for h and Cs=v, as well as for the
tangential component of the velocity. The normal velocity needsto be zeroat the

boundary. If we denotethe velocity by U =
�

u
v

�
and its tangential component

by Ut = t � U , this gives

0 = (n � r )h; (3.11)

0 = (n � r )(hxx + hyy); (3.12)

0 = n � U ; (3.13)

0 = (n � r )Ut ; (3.14)

0 = (n � r )Cs=v: (3.15)

Remark Note that the normal and tangential unit vectors n and t are di�er ent
from the onesused in Chapter 2. Here, they are vectors in the x-y-plane normal
and tangential to the computational domain 
 .
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Conditions at the Plateau border boundary @
 2

Transferring the considerationsfrom Section3.2.1,we obtain the following con-
ditions for h. We prescribe the curvature at the boundary, i.e.

� h = hxx + hyy = �: (3.16)

For the secondcondition wehavetwo possibilities,in analogyto the one-dimensional
case:

1. If we have a coupling with a model for the Plateau border, we can set

h = hPB (t): (3.17)

2. Otherwise,which is the casein the following, the normal derivative of the
curvature is assumedto be zero, that is

0 = (n � r )� h:

There are several options to establishboundary conditions for the velocity com-
ponents u and v. Setting the velocity or its normal derivative to zero at the
boundary hasthe samedisadvantagesasdiscussedin Section3.2.1. Thereforewe
considertwo remaining options:

1. One possibility is to prescribe a condition for the 
ux hU . Analogousto
the one-dimensionalcase,we set the normal derivative of the normal 
ux
Un = n � U equal to zero:

n � r (hUn ) = 0: (3.18)

However, we needa secondcondition, which can be either

t � r (hUn ) = 0 (3.19)

or
n � r (hUt ) = 0: (3.20)

Both of thesealternativeshave the drawback that they are not physically
motivated.

2. An alternative approach is motivated by the viscosity in the momentum
equations. We also prescribe homogeneousNeumann conditions for the

ux, but this time corresponding to the directions in which the viscosity is
acting. This yields

n �
�

4(uh)x + 2(vh)y

(vh)x + (uh)y

�
= 0; (3.21)

n �
�

(uh)y + (vh)x

4(vh)y + 2(uh)x

�
= 0: (3.22)
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Numerical experiments indicate that this last approach producesthe best results,
such that we will usethis in the remainderof this work.

Finally, we consider the concentrations of the surfactant and the volatile com-
ponent, respectively. Here, we can transfer the conditions from Section 3.2.1
directly to the two-dimensionalcase,that is we useeither

Cs=v = CP B ; (3.23)

whereCP B is the constant concentration given in the Plateau border, or

0 = (n � r )Cs=v: (3.24)

3.2.3 Initial conditions

For the choice of initial conditions we have to keep the history of the foam in
mind, i.e. in which way it has been created. As we have discussedin Section
3.1, we assumethat we have initially an emulsion which becomesa foam due
to drainagee�ects. In other words, we start the computation somewherein the
middle of the thinning process,which makesit di�cult to prescribe correct initial
conditions.

We leave this problemopen for the moment. As we will seein Chapter 5, approx-
imate solutions can be usedas a guessfor the initial conditions. This problem
will be discussedin more detail there.

3.3 Discussion of parameter sizes

In order to solve the �lm-thinning problem for a real foam, we needto have some
information about the physical parametersappearing in our model such that we
can evaluate the occuring similarity numbers.

However, we facethe problem that we do not have enoughinformation about the

uid under consideration{ i.e. fuel { to uniquely determineall of the parameters.
Especially, the parametersdescribingthe surfactant and the volatile component,
respectively, aredi�cult to obtain. The reasonfor this is that dueto the complex
composition of fuels, we do not know which substancesare responsible for the
e�ects.

Moreover, fuel is not a uniquely de�ned liquid with de�nite parameters,but there
are strong variations depending on its composition. However, in Tables3.1, 3.2
and 3.3 we have listed all of the occuring physical parametersand given ranges
for their values.
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Parameter Description Range Unit Explanation

L Typical length scale 10� 4 { 10� 2 m Typical bubble size,from observations

T Time scale 10� 2 { 1 s Time in which typical bubblesin fuel burst

U Typical velocity 10� 4 { 1 m
s Typical length scaledivided by time scale

" Thickness-lengthratio � 10� 1 For larger valueserror in TFE becomestoo large

� Density � 8 � 102 kg
m3 Dependent on the composition of the fuel

� Viscosity 5 � 10� 4 { 4 � 10� 3 kg
ms Dependent on the composition of the fuel


 Surfacetension 2 � 10� 2 { 3 � 10� 2 N
m Dependent on the composition of the fuel

� 
 Surfacetension variation 10� 3 N
m If surfactant or volatile component is present

g Gravitational acceleration 10 m
s2 On earth

� Plateau border curvature O(" � 1) { O(" � 2) SeeSection3.2

Table 3.1: Parametersfor the pure liquid
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Parameter Description Range Unit Explanation

Ds Di�usivit y 10� 10 { 10� 5 m2

s Unknown, thereforebroad span is given

D� Surfacedi�usivit y 10� 10 { 10� 5 m2

s Assumedto be equal to Ds

C? Typical bulk concentration � 10� 4 mol
m3 Guess(no information about surfactant)

� 1 Surfacesaturation concentration � 10� 6 { � 10� 5 mol
m2 Basedon [9]

� ? Typical surfaceconcentration � 10� 6 { � 10� 5 mol
m2 Must be lower than � 1

k2 Langmuir parameter 10� 2 { 1 mol
m3 Larger than C?, guess

R Universalgasconstant � 8 J
molK

� Temperature � 300 K Outside temperature

Table 3.2: Parametersfor the surfactant

Parameter Description Range Unit Explanation

Dv Di�usivit y 10� 10 { 10� 5 m2

s Similar to Ds

e? Evaporation rate 10� 5 { 10� 4 m
s [9]

Table 3.3: Parametersfor the volatile component



3.4. RESULTING MODEL FOR FUEL FOAM 53

3.4 Resulting model for fuel foam

In the previoussectionwehave compiledall the necessaryparametersto compute
the similarity numbers appearing in the TFE (2.71) { (2.81). Together with
the boundary and initial conditions derived in Section 3.2, we are now able to
formulate the complete model for the thinning of a lamella with respect to a
speci�c problem of interest.

Let us considersomespecial casesfor the parametersdeterminedin the previous
section in order to gain an impression of the resulting models. The relevant
similarity numbers associated to theseexamplesare listed in Table 3.4.

Example 1. In the �rst case,we assumea bubble sizeof 10� 3m and a velocity
scaleof 10� 3m=s, which corresponds to a time scaleof 1s. We considera
thin �lm with a ratio of thicknessand length of " = 10� 2. We set the di�u-
sivity to 10� 6m2=s for both surfactant and volatile component. The typical
concentrations for the surfactant are assumedto be C? = 10� 4mol=m3,
� ? = 10� 7mol=m2, � 1 = 10� 6mol=m2 and k2 = 10� 2mol=m3. For the
evaporation, we assumee? = 10� 5m=s.

Sincewe are only interestedin ballpark �gures at the moment, we consider
a density of � = 103m=s, a viscosity of � = 10� 3kg=ms and surfacetension
of 
 = 2� 10� 2N=m. The remaining parametersare uniquely determinedin
Section3.3.

Example 2. Next, we considerthe sameparametervalues,but a faster velocity
scaleof 10� 2m=s.

Example 3. Finally, we usethe samevaluesas in the secondexamplebut with
" = 10� 1, i.e. a relatively thick �lm.

We notice from Table 3.4 that we cannot generallyneglectany of the considered
e�ects. Therefore,we will in the following considerthe full set of equations(2.71)
{ (2.81) derived in Chapter 2. However, under certain circumstancessimpli�ed
modelscan be applied, depending on the parameters. In the limit of a very thin
�lm for example, that is " ! 0, some simpli�cations can be made. We will
considerthis casein more detail in Chapter 4.

We are now in the position to formulate the full mathematical problem, where
we restrict ourselves at the moment to the caseof a surfactant stabilizing the
foam. The caseof a volatile component can be treated analogouslywith minor
changes. Hereby, we regularize the massequation with a fourth order term for
h weighted by a parameter � . This is done in order to control the third order
derivativeappearingin the momentum equation. Moreover, it allowsusto impose
boundary conditions for the third derivativesof h, as discussedin Section3.2.
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Similarity number calculatedby Example 1 Example 2 Example 3

Re �LU
� 1 10 10

Re g
Fr ReLg

U2 104 103 103

"
2Ca

"

2�U 100 10 100

Ma
"

� 

"�U 105 104 103

� � ?

� 1
10� 1 10� 1 10� 1

� C?

k2
10� 2 10� 2 10� 2

� RT � 1
� 
 3 3 3

Pe UL
D s

1 10 10
�

"S �
U� ? �

"D s C? � 10 102 10

fPe UL
D v

1 10 10
E
"

e?

"U 1 10� 1 10� 2

~� � l � � v
� 
 1 1 1

Table 3.4: Approximate similarity numbers

Problem 1 Let 
 � �

2 be the computationaldomainasin Figure 3.5, where @
 1

is the symmetry boundary and @
 2 the boundary located at the Plateau border.

Find h; u; v; Cs : [0; T] � 
 ! � , suchthat

0 = ht + (uh)x + (vh)y + � �� h; (3.25)

0 = �
2Ma�

"
Cs

x

1 + � Cs
+

"
2Ca

h(hxx + hyy)x

� Re� h(ut + uux + vuy) + h
g � Re

Fr
egx

+ 4(hux )x + 2(hvy)x + (hvx )y + (huy)y; (3.26)

0 = �
2Ma�

"

Cs
y

1 + � Cs
+

"
2Ca

h(hxx + hyy)y

� Re� h(vt + uvx + vvy) + h
g � Re

Fr
egy

+ 4(hvy)y + 2(hux)y + (huy)x + (hvx )x ; (3.27)
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0 =
�

2�
"S�(1 + � Cs

0)2
+ Peh

�
(Cs

t + uCs
x + vCs

y )

+
2�

"S�(1 + � Cs)
(uxCs + uyCs) � (hCs

x )x � (hCs
y )y (3.28)

holdsin [0; T] � 
 . Moreover, the initial conditions

h = h0;

u = u0;

v = v0;

Cs = Cs
0

are ful�l led on f 0g � 
 , and

0 = (n � r )h;

0 = (n � r )(� h);

0 = n � U ;

0 = (n � r )Ut ;

0 = (n � r )Cs;

holdsat the symmetry boundary @
 1, and

� = � h;

0 = (n � r )(� h);

0 = n �
�

4(uh)x + 2(vh)y

(vh)x + (uh)y

�
;

0 = n �
�

(uh)y + (vh)x

4(vh)y + 2(uh)x

�
;

0 = (n � r )Cs

at @
 2. Hereby U =
�

u
v

�
and Un and Ut are the normal and tangential

component of U , respectively.

For di�erent boundary conditions the problem needsto be modi�ed accordingly.

Given the physicalparametersand a suitable initial condition, we have developed
a model that only dependson one outer parameter, namely the curvature � of
the Plateau border. This quantit y has to be provided by a global foam model.
In turn, the model provides a time tcr it at which a given critical value for the
thicknessh is reached. This time determinesthe mean lifetime of a foam �lm
with the given properties.
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3.5 Analytical discussion of the problem

In the previoussection,we have formulated the model for the evolution of a foam
lamella. Before we are going to solve this model numerically, the question of
existenceand uniquenessfor this problem must be addressedat �rst. We will
clearthis questionfor the linearizedproblemand afterwardsdiscussthe nonlinear
problem.

3.5.1 Classi�cation of the PDE

Firstly, we will determinethe type of the systemof partial di�erential equations
in Problem 1. Since we are dealing with a fourth order equation, we cannot
directly use the standard approaches for the classi�cation of PDE's, since they
require the highest derivative to be of �rst or secondorder.

Therefore,we transform our systeminto a systemof �rst order equationsin the
dependent variables Y = (h; hx ; hxx ; hxxx ; u; ux ; C; Cx)> . (We considerwlog the
one-dimensionalproblem.) It can be written as

AY t + BY x = C; (3.29)

where

A =

0

B
B
B
B
B
B
B
B
B
B
@

1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 Reh 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 2�

"S � + Peh 0
0 0 0 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
A

and

B =

0

B
B
B
B
B
B
B
B
B
B
@

u 0 0 � h 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

Rehu 0 � "
2Cah 0 0 � 4h 2Ma�

" 0
0 0 0 0 1 0 0 0
0 0 0 0 2�

"S � C 0
�

2�
"S � + Peh

�
u � h

0 0 0 0 0 0 1 0

1

C
C
C
C
C
C
C
C
C
C
A

:

The vector C contains all the remaining derivative-freeterms.
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In order to classify this system, we apply an approach based on the method
of characteristics (ref. [33]). A nontrivial solution of (3.29) requires that the
determinant

det( _xA > + _tB > ) != 0:

The _denotesthe derivative along a characteristic.

In this case,we obtain

det( _xA> + _tB > ) = � 4� h2 _t8:

Hence,the systemhasonerepeatedreal root _t = 0 and is thereforeparabolic. It
can also be observed that the domain of in
uence of each point is the complete
computational domain.

Remark If weconsiderthe non-regularized system(� = 0), weobtain a seventh-
order systemfor which the determinant is alwayszero. Hence, we are not ableto
classify the systemwithout regularization.

3.5.2 An existence and uniqueness result for the linearized
problem

We considera one-dimensionalproblem in the presenceof a surfactant, in which
the constant parametersare set to 1. Moreover, we do not regard any bound-
ary conditions, but assumea Riemann problem on � . In this case,Problem 1
becomes:

Riemann problem Find h; u; Cs : [0; T] � � ! � , suchthat

0 = ht + (hu)x + � hxxxx ;

0 = ut + uux � hxxx � uxx �
hx

h
ux +

Cs
x

h
� 1;

0 = Cs
t + uCs

x +
uxCs

1 + h
�

hCs
xx

1 + h
�

hxCs
x

1 + h
;

on [0; T] � � and

h = h0;

u = u0;

Cs = Cs
0:

on f 0g � � .

We linearizethis problemwith respect to the initial valuesh0, u0 and Cs
0, yielding

the
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Linearized problem Find h; u; Cs : [0; T] � � ! � , suchthat

0 = ht + (hu0)x + (h0u)x � (h0u0)x + � hxxxx ;

0 = ut + (u0u)x � hxxx � uxx �
h0x

h0
ux �

u0x

h0
hx +

u0xh0x

h2
0

h

+
Cs

x

h0
�

Cs
0x

h2
0

h � 1 � u0u0x +
Cs

0x

h0
;

0 = Cs
t + u0Cs

x + Cs
0xu +

Cs
0

1 + h0
ux +

u0x

1 + h0
Cs �

u0xCs
0

(1 + h0)2
h

�
h0

1 + h0
Cs

xx �
Cs

0xx

1 + h0
h +

h0Cs
0xx

(1 + h0)2
h

�
h0x

1 + h0
Cs

x �
Cs

0x

1 + h0
hx +

h0xCs
0x

(1 + h0)2
h

� u0Cs
0x �

u0xCs
0

(1 + h0)2
+

h0Cs
0xx

(1 + h0)2
+

h0xCs
0x

(1 + h0)2

on [0; T] � � and

h = h0;

u = u0;

Cs = Cs
0:

on f 0g � � .

For the weak formulation of the linearizedproblem, the mathematical de�nitions
of the respective spacesand norms are needed.

De�nition 5 Let

H m ( � ) = f u 2 L2( � ) : D � u 2 L2( � ); j� j � mg

be a Sobolev space of order m. In particular H 0( � ) = L2( � ).

De�ne the spacesV, H by

V := H 2( � ) � H 1( � ) � H 1( � );

H := L2( � ) � L2( � ) � L2( � );

and the corresponding scalar products by

((u; v)) := (u; v)V = (u1; v1)H 2 + (u2; v2)H 1 + (u3; v3)H 1 ;

(�;  ) := (�;  )H = (� 1;  1)L 2 + (� 2;  2)L 2 + (� 3;  3)L 2 ;
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where (:; :)H m and (:; :)L 2 are the standard norms de�ned on the spaces H m and
L2. Moreover, let the norms induced by thesescalar products be denoted by k:k
and j:j, respectively. Note that V and H are Hilbert spaceswith respect to (( :; :))
and (:; :), respectively.

De�nition 6 Let V, H be a pair of real, separable Hilbert spaces with corre-
sponding scalar products ((:; :)) and (:; :), and norms k:k and j:j.

Let T 2 � [ f1g , B be a Banachspace. L 2(B ) := L2(0; T; B) denotesthe space
of functions (t ! f (t)) : (0; T) ! B suchthat

1. f is measurablefor dt,

2. kf kL 2(B ) =
� RT

0 kf (t)k2
B dt

� 1=2
< 1 .

Moreover, we de�ne the space

W(V) := W(0; T; V; V0) := f u : u 2 L2(V ); u0 2 L2(V 0)g;

where V 0 denotesthe dual space of V .

Using De�nition 5, we can state the weak formulation of the linearizedproblem,

Problem 2 (W eak problem) Find

X =

0

@
h
u

Cs

1

A : [0; T] ! V

ful�l ling

X (t = 0) = X 0 2 V; (3.30)

suchthat
d
dt

((X (:); �)) + a(X (:); �) = (( f ; �)) ; (3.31)
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holdsfor all test functions � = (� 1; � 2; � 3)> 2 V, where a and f are de�ned by

a(X ; �) = �
Z

u0h� 1x �
Z

h0u� 1x +
Z

� hxx � 1xx �
Z

u0u� 2x +
Z

hxx � 2x

+
Z

ux � 2x �
Z

h0x

h0
ux � 2 �

Z
u0x

h0
hx � 2 +

Z
u0xh0x

h2
0

h� 2

+
Z

Cs
x

h0
� 2 �

Z
Cs

0x

h2
0

h� 2 +
Z

u0Cs
x � 3 +

Z
Cs

0xu� 3 +
Z

Cs
0

1 + h0
ux � 3

+
Z

u0x

1 + h0
Cs� 3 �

Z
u0xCs

0

(1 + h0)2
h� 3 +

Z
h0

1 + h0
Cs

x � 3x

�
Z

h0h0x

(1 + h0)2
Cs

x � 3 +
Z

Cs
0x

1 + h0
h� 3x �

Z
Cs

0xh0x

(1 + h0)2
h� 3

�
Z

h0Cs
0x

(1 + h0)2
hx � 3 �

Z
h0Cs

0x

(1 + h0)2
h� 3x +

Z
2h0h0xCs

0x

(1 + h0)3
h� 3 (3.32)

(( f ; �)) = �
Z

h0u0� 1x +
Z

� 2 �
1
2

Z
u2

0� 2x �
Z

Cs
0x

h0
� 2 +

Z
u0Cs

0x � 3

+
Z

u0xCs
0

(1 + h0)2
� 3 +

Z
h0Cs

0x

(1 + h0)2
� 3x �

Z
2h0h0xCs

0x

(1 + h0)3
� 3 (3.33)

All the integrations are performed over � .

We will now formulate the main theorem of this section.

Theorem 1 Let h0, u0, Cs
0 and their respective spatial derivativesbe bounded by

some ~M and let h0(x) � H0 > 0 for all x 2 � . Let � > 1
4.

Then there existsa unique solution X of Problem2 and the solution ful�l ls

X 2 W(0; T; V; V0):

In order to prove Theorem1, we will apply results from [12], speci�cally Chapter
XVI I I (Variational methods), x3, Theorems1 and 2. We will state the main
results here, for a completederivation and proofs we refer to the original.

Considerthe following four conditions:

Condition 1 Let V , H be de�ned as in De�nition 6. V is densein H , suchthat
we have(by identifying H and its dual H 0)

V ,! H ,! V 0;

where ,! denotescontinuous injection.



3.5. ANALYTICAL DISCUSSION OF THE PROBLEM 61

Condition 2 For each t 2 [0; T] we are given a continuous bilinear form a on
V � V with the following properties: For eachu; v 2 V, the function t ! a(t; u; v)
is measurableand there existsa constant M = M (t) > 0 suchthat

ja(t; u; v)j � M kuk � kvk for all u; v 2 V:

Condition 3 The bilinear form a is coercive over V with respect to H , i.e. there
exist constants � , � with � > 0 suchthat

a(t; u; u) + � juj2 � � kuk2 8t 2 [0; T]; 8u 2 V:

Condition 4 The initial conditions and sourcessatisfy

u0 2 H; f 2 L2(V 0):

Using these,the following theoremcan be stated:

Theorem 2 Consider the following problem:

Find u satisfying
u 2 W(V)

and
d
dt

((u(:); v)) + a(:; u(:); v) = ((f (:); v))

in the senseof distributions for all v 2 V; moreover,

u(0) = u0:

Suppose the spaces V, H are given and satisfy Condition 1, a(t; u; v) satis�es
Conditions 2 and 3, and u0, f satisfy Condition 4.

Then the problemhasa unique solution u ful�l ling

u 2 W(0; T; V; V0):

For the proof we refer to [12].

In order to prove Theorem1, we alsoneedthe following two lemmata:

Lemma 1 (H•older's inequality)

Let 1 < p < 1 and p0 such that 1
p + 1

p0 = 1. If u 2 Lp( � ) and v 2 Lp0
( � ), then

uv 2 L1( � ) and Z

�

ju(x)v(x)jdx � kukpkvkp0:
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Lemma 2 Let "0 be a �nite, positive number. Then there existsa constant K (" 0)
suchthat

jvx j � K " jvxx j + K " � 1jvj

for all " � " 0 and any v 2 H 2( � ).

Both of theseand their respective proofs can be found in [1], pages23 and 75.

Finally we can now proceedto the proof of the main theorem.

Proof (of Theorem 1). We have to show that Conditions 1 { 4 hold for Problem
2. Then the proof follows from Theorem2.

ad Condition 1. Condition 1 is ful�lled for each of the two pairs of spacesH 1

and L2, H 2 and L2 (for a proof seefor example [1]). But then it is also
ful�lled for the product of the spaces,i.e for V and H .

ad Condition 2. We have to show that the bilinear functional a is bounded,i.e.
for each X ; � 2 V, t ! a(u; v) is measurableand there exists a constant
M = M (t) > 0 such that

ja(X ; �) j � M kX k � k� k 8u; v 2 V

Sincewe assumedthat h0; h0x ; u0; u0x ; Cs
0; Cs

0x � ~M areall bounded,we can
drag them in front of the integrals in equation (3.32). Furthermore h� 1

0 is
boundedby H � 1

0 . We denotethe commonbound of ~M and H � 1
0 by M 0 and
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obtain from (3.32):

ja(X ; �) j � M 0

Z
jh� 1x j + M 0

Z
ju� 1x j + �

Z
jhxx � 1xx j

+ M 0

Z
ju� 2x j +

Z
jhxx � 2x j +

Z
jux � 2x j

+ M 2
0

Z
jux � 2j + M 2

0

Z
jhx � 2j + M 4

0

Z
jh� 2j

+ M 0

Z
jCs

x � 2j + M 3
0

Z
jh� 2j + M 0

Z
jCs

x � 3j

+ M 0

Z
ju� 3j + M 2

0

Z
jux � 3j + M 2

0

Z
jCs� 3j

+ M 4
0

Z
jh� 3j + M 2

0

Z
jCs

x � 3x j + M 4
0

Z
jCs

x � 3j

+ M 2
0

Z
jh� 3x j + M 4

0

Z
jh� 3j + M 4

0

Z
jhx � 3j

+ M 4
0

Z
jh� 3x j + M 6

0

Z
jh� 3j

Lemma 1
� M � (jhjj � 1x j + jujj � 1x j + jhxx jj � 1xx j + jujj � 2x j

+ jhxx jj � 2x j + jux jj � 2x j + jux jj � 2j + jhx jj � 2j + jhjj � 2j

+ jCs
x jj � 2j + jhjj � 2j + jCs

x jj � 3j + jujj � 3j + jux jj � 3j

+ jCsjj � 3j + jhjj � 3j + jCs
x jj � 3x j + jCs

x jj � 3j + jhjj � 3x j

+ jhjj � 3j + jhx jj � 3j + jhjj � 3x j + jhjj � 3j)

� M � (jhj + jhx j + jhxx j + juj + jux j + jCsj + jCs
x j)

�(j� 1j + j� 1x j + j� 1xx j + j� 2j + j� 2x j + j� 3j + j� 3x j)

� M � kX k � k� k:

Note that the notation for the integrals is an abbreviation, i.e.
Z

jabj =
Z

	

ja(x)b(x)jdx;

such that j:j denotesthe absolutevalue, not the norm in H .

ad Condition 3. For coercivity of the bilinear form a over V with respect to
H , we have to show that there exist constants �; � with � > 0 such that

a(X ; X ) + � jX j2 � � kX k2

is ful�lled for all t 2 [0; � T] and for all u 2 V.

We assumewlog that � = 1, but the proof can be doneanalogouslyfor any
� > 1

4.
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Let "0 be a �nite, positive number, K (" 0) be a constant such that Lemma
2 is ful�lled, and choose" such that K " � 1.

Moreover, chooseconstants � > 0, � such that 2
p

� � 2�
p

1 � � � 1 and
� �

�
12+ 9

2 ~H

�
�M 2 + 2 �M . In particular, for � = 1 we set � = minf 1

4; ~H
2 g,

where ~H := H 0
1+ H 0

.

We plug (3.32) into the ansatzand useLemmata 1 and 2 in order to get

a(X ; X ) + � jX j2 � � kX k2

= �
Z

u0hhx �
Z

h0uhx +
Z

� hxx hxx �
Z

u0uux +
Z

hxx ux

+
Z

uxux �
Z

h0x

h0
uxu �

Z
u0x

h0
hxu +

Z
u0xh0x

h2
0

hu

+
Z

Cs
x

h0
u �

Z
Cs

0x

h2
0

hu +
Z

u0Cs
xCs +

Z
Cs

0xuCs +
Z

Cs
0

1 + h0
uxCs

+
Z

u0x

1 + h0
CsCs �

Z
u0xCs

0

(1 + h0)2
hCs +

Z
h0

1 + h0
Cs

xCs
x

�
Z

h0h0x

(1 + h0)2
Cs

xCs +
Z

Cs
0x

1 + h0
hCs

x �
Z

Cs
0xh0x

(1 + h0)2
hCs

�
Z

h0Cs
0x

(1 + h0)2
hxCs �

Z
h0Cs

0x

(1 + h0)2
hCs

x +
Z

2h0h0xCs
0x

(1 + h0)3
hCs

+ � jhj2 + � juj2 + � jCsj2 � � jhxx j2 � � jhx j2 � � jhj2

� � jux j2 � � juj2 � � jCs
x j2 � � jCsj2

� (� � � � � K 2"2)jhxx j2 + (1 � � )jux j2 +
�

H0

1 + H0
� �

�
jCs

x j2

+ (� � � K 2" � 2 � � � M K " � 1)jhj2 + (� � � � M 2)jCsj2

+ (� � � )juj2 � (M K " + 2� K 2)jhjjhxx j � 2M 2K "jujjhxx j

� (2M 2K " � 1 + 2M 4)jujjhj � 2M 2jujjux j � jhxx jj ux j

� M jCs
x jj uj � M jujjCsj � M 2jux jjCsj � (3M 6 + M 4K " � 1)jhjjCsj

� 2M 4jCs
x jjCsj � 2M 4jhjjCs

x j � M 4K "jhxx jjCsj

=: D

for someconstant M 2 
 .

We needto show that D � 0. This is done by converting the terms into
expressionsof the form (Ahxx � Bh)2 and similar. Particularly interest-
ing is the term �j hxx jj ux j, which needsto be balancedby the expressions
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including jhxx j2 and jux j2. We obtain:

(� � � � � K 2"2)jhxx j2 + (1 � � )jux j2 � jhxx jj ux j =
� p

� � � � � K 2"2jhxx j �
p

1 � � jux j
� 2

�
�

1 � 2
p

� � � � � K 2"2
p

1 � �
�

jhxx jj ux j � 0 (3.34)

for the chosen� .

Altogether, we obtain for some �M 2 � :

D � (1 � 2� )jhxx j2 + (1 � � )jux j2 +
~H
2

jCs
x j2

+ (� � �M )( jhj2 + jCsj2 + juj2) � jhxx jj ux j

� �M
�

jhjjhxx j + jujjhxx j + jujjhj + jujjux j + jCs
x jj uj + jujjCsj

+ jux jjCsj + jhjjCsj + jCs
x jjCsj + jhjjCs

x j + jhxx jjCsj
�

�

 r
3
8

jhxx j �

r
2
3

jux j

! 2

+
� p

6 �M jhj �
1

p
24

jhxx j
� 2

+
� p

6 �M juj �
1

p
24

jhxx j
� 2

+
� p

6 �M jCj �
1

p
24

jhxx j
� 2

+
� p

6 �M juj �
1

p
24

jux j
� 2

+
� p

6 �M jCj �
1

p
24

jux j
� 2

+

0

@
r

9

2 ~H
�M juj �

s
~H

18
jCx j

1

A

2

+

0

@
r

9

2 ~H
�M jCj �

s
~H

18
jCx j

1

A

2

+

0

@
r

9

2 ~H
�M jhj �

s
~H

18
jCx j

1

A

2

+

 r
�M
2

jhj �

r
�M
2

juj

! 2

+

 r
�M
2

juj �

r
�M
2

jCj

! 2

+

 r
�M
2

jCj �

r
�M
2

jhj

! 2

� 0:

Hence,Condition 3 is ful�lled.

ad Condition 4. The condition on X 0 follows immediately from the assump-
tions of the problem sinceV � H .

The condition on f holds if (( f ; �)) < 1 for all � 2 V. This can easily be
shown analogouslyto the proof of Condition 2.
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This concludesthe proof of Theorem1.

2

Remark A relatively strong regularization (� > 1
4) for h is needed in order to

control the third-order term in the proof. However,this doesnot mean that there
cannot exist a solution to the nonlinear problemif � � 1

4, since regularizinge�ects
may havevanished in the linearization.

We have shown that there exists a unique solution X of Problem 2 which ful�lls

X 2 W(0; � T; V; V0):

Moreover, the following estimateshold:

Theorem 3 Let X 0; X ?
0 2 H , f ; f ? 2 L2(V 0) and let X and X ? be the corre-

sponding solutions of Problem2. Then

kX � X ?kL 1 (H ) �
�

jX 0 � X ?
0j

2 +
1
�

kf � f ?k2
L 2 (V 0)

� 1=2

and

kX � X ?kL 2 (V ) �
1

p
�

�
jX 0 � X ?

0j2 +
1
�

kf � f ?k2
L 2 (V 0)

� 1=2

:

For the proof see[12].

Remark Note that � dependson the regularization parameter � as well as on
the lower bound for the initial lamella thicknessH 0.

3.5.3 Discussion of the nonlinear problem

We have shown the existenceand uniquenessof a solution to the linearizedprob-
lem. In order to seein which way this may usedto obtain a similar result for the
nonlinear problem, let us de�ne the following

Piecewise linearized problem Find

X n =

0

@
hn

un

Cs
n

1

A : [0; T] ! V

suchthat
d
dt

((X n(:); �)) + a(X n(:); �) = (( f ; �)) ;
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holdson the interval [0; T
n ] with

X n(t = 0) = X 0 2 V

for all test functions � 2 V, where a and f are de�ned as in Equations (3.32) and
(3.33), respectively. Moreover, on each interval [ kT

n ; (k+1) T
n ]; k = 1; : : : ; n � 1,

d
dt

((X n (:); �)) + ak(X n(:); �) = (( fk ; �)) ;

holdswith X n continuous in t = kT
n , where ak and fk are de�ned similar to a and

f with the only di�er ence that h0, u0 and Cs
0 are replaced by hn ( kT

n ), un ( kT
n ) and

Cs
n ( kT

n ).

In other words, on each interval [ kT
n ; (k+1) T

n ], the linearizedproblem is considered,
wherethe linearization is performedwith respect to the solution of the problem
on the previous interval [ (k� 1)T

n ; kT
n ] at the point kT

n .

A possibleexistenceproof for the nonlinear problem could go alongthe following
lines:

Step 1. Show that a solution X n of the piecewiselinearized problem exists for
all n 2 � and that limn!1 kX nk is bounded.

Step 2. Show that the set of solutions f X n(t); n 2 � g is equicontinuous with
respect to t. Then, using the theoremof Arzela and Ascoli (see[40]), there
exists a subseriesX n j which convergesuniformly in to someY 2 V.

Step 3. Plug Y into the nonlinear problem and show that it is a solution.

Step 1 requirescertain estimateson the solution of piecewiselinear problem. In
this context, we state

Prop osition 1 Let X 0 2 H , f 2 L2(V 0) and let X be the corresponding solution
of Problem2. Assumethat

kX (T)k � (1 + C1T)kX 0k + C2T

for someconstants C1; C2 2 
 independent of X , X 0 and f . Moreover, assume
that if h0, u0, etc. are bounded by ~M , then h(T), u(T), etc. are bounded by ~M2,
where

~M2 � (1 + C1T) ~M + C2T:

Final ly, assumethat if jh� 1
0 j < H � 1

0 , then jh(T) � 1j < H � 1
1 holdswith

H � 1
1 � (1 + C1T)H � 1

0 + C2T:

Then for each n 2 � , a solution X n to the piecewiselinearized problemexists,
and kX nk is bounded for n ! 1 .
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Proof. The result follows from the application of the discreteGronwall lemmato
X ( kT

n ), ~M and H � 1
0 .

Unfortunately, the estimatesof Theorem 3 do not satisfy the required assump-
tions of Proposition 1. Better estimatescould not be achieved due to the di�-
culties arising from the third order term in connectionwith the nonlinearity of
the problem.

3.6 A numerical scheme for the solution of the
lamella problem

Finally, we want to solve the lamella problem numerically. In the following, we
will de�ne a numerical schemefor the solution of Problem 1. Sincewe aredealing
with a parabolic systemand assumethat the 
o w is not convection-dominated,
we will usea Galerkin �nite element approach for the numerical scheme. For a
detailed discussionof �nite element methods and analytical results we refer to
[7].

3.6.1 A Galerkin �nite element approac h

We considerwlog the one-dimensionalcasewith � � 1. The method can be
formulated analogouslyfor the two-dimensionalproblem. The problem reads:

Let 
 = [0; 1]. Find X = (h; u; Cs)> : [0; T] � 
 ! � , suchthat

0 = ht + (uh)x + � hxxxx ; (3.35)

0 = Reh(ut + uux) � 4(hux)x +
2Ma�

"
Cs

x �
"

2Ca
hhxxx

� h
g � Re

Fr
egx ; (3.36)

0 =
�

2�
"S�

+ Peh
�

(Cs
t + uCs

x ) +
2�

"S�
uxCs � (hCs

x)x (3.37)

in [0; T] � 
 and
X = X 0 (3.38)

on f 0g � 
 . Moreover, the essentialboundary conditions

0 = hx ; (3.39)

0 = u (3.40)
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at x = 0 and the natural boundary conditions

0 = hxxx ; (3.41)

0 = Cs
x (3.42)

at x = 0, and

� = hxx ; (3.43)

0 = hxxx ; (3.44)

0 = (hu)x ; (3.45)

0 = Cs
x (3.46)

at x = 1 must be ful�l led.

In order to formulate the weak problem, we have to de�ne suitable spaces:

De�nition 7 Let 
 = [0; 1]. Let the Sobolev space H m (
) be given analogously
to Section 3.5.2 by

H m (
) = f u 2 L2(
); D � u 2 L2(
); j� j � mg:

Then, de�ne the spaces

Vh(
) = f u 2 H 2(
); ux(0) = 0g;

Vu(
) = f u 2 H 1(
); u(0) = 0g and

VC (
) = H1(
) :

Moreover, let

V := Vh(
) � Vu(
) � VC (
) :

Note that the essential boundary conditions (3.39) and (3.40) are integrated in
V. We seeksolutions X : [0; T] ! V .

Multiplying the system(3.35) { (3.37) with a test function � = (� 1; � 2; � 3)> 2 V
and integrating over 
 yields the problem in weak form (applying the natural
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boundary conditions):

0 =
Z 1

0
ht � 1 +

Z 1

0
(uh)x � 1 +

Z 1

0
� hxxxx � 1 +

Z 1

0
ut � 2 +

Z 1

0
uux � 2

�
Z 1

0

4
Re

uxx � 2 �
Z 1

0

4
Re

hx

h
ux � 2 +

Z 1

0

2Ma�
"Re

Cs
x

h
� 2 �

Z 1

0

"
2CaRe

hxxx � 2

�
Z 1

0

g
Fr

egx � 2 +
Z 1

0
Cs

t � 3 +
Z 1

0
uCs

x � 3 +
Z 1

0

1
1 + "S �P e

2� h
uxCs� 3

�
Z 1

0

(hCs
x )x

2�
"S � + Peh

� 3

=
d
dt

Z 1

0
h� 1 �

Z 1

0
uh� 1x + u(1)h(1)� 1(1) + �

Z 1

0
hxx � 1xx � � �� 1x (1)

+
d
dt

Z 1

0
u� 2 +

Z 1

0
uux � 2 +

4
Re

Z 1

0
ux � 2x +

4
Re

hx (1)u(1)
h(1)

� 2(1)

�
4

Re

Z 1

0

hx

h
ux � 2 +

2Ma�
"Re

Z 1

0

Cs
x

h
� 2 +

"
2CaRe

Z 1

0
hxx � 2x �

"
2CaRe

�� 2(1)

�
g
Fr

egx

Z 1

0
� 2 +

d
dt

Z 1

0
Cs� 3 +

Z 1

0
uCs

x � 3 +
Z 1

0

1
1 + "S �P e

2� h
uxCs� 3

+
Z 1

0

hCs
x

2�
"S � + Peh

� 3x � Pe
Z 1

0

hCs
xhx

�
2�

"S � + Peh
� 2 � 3

=
d
dt

(X ; �) + F (X ; �) :

Thus, we can formulate the

Weak problem Find X : [0; T] ! V , suchthat

d
dt

(X ; �) + F (X ; �) = 0 (3.47)

for all � 2 V , where
X (0) = X 0 2 V:

The corresponding �nite-dimensional approximation reads:

Finite element problem Find X N : [0; T] ! VN , suchthat

d
dt

(X N ; 	) + F (X N ; 	) = 0 (3.48)

for all 	 2 VN , where
X N (0) = X N 0 2 VN :
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VN denotesthe �nite-dimensional approximation spaceto V. There aremultiple
possibilitiesto de�ne such a spacethat di�er in their approximation qualities. For
further information, we refer to [7]. The following is an exemplaryapproximation
spaceVN suitable for our problem.

Remark (3.48) is a �nite-dimensional systemof ordinary di�er ential equations
which can be solved using a standard ODE solver.

Example De�ne a grid

SN := (0 = x0; : : : ; xN = 1):

Moreover, de�ne shape functions:

 1 =

8
><

>:

1 + x � 1 � x � 0;

1 � x 0 < x � 1;

0 else;

 2a =

8
><

>:

(1 + x)2(1 � 2x) � 1 � x � 0;

(1 � x)2(1 + 2x) 0 < x � 1;

0 else;

 2b =

8
><

>:

x(1 + x)2 � 1 � x � 0;

x(1 � x)2 0 < x � 1;

0 else:
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Figure 3.6: Shape functions. Left:  1. Right:  2a (solid) and  2b (dashed).

From these,one can easily derive functions  1;i ,  2a;i and  2b;i corresponding to
x i with the following properties:
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1.  1;i ,  2a;i and  2b;i are compactly supported on [x i � 1; x i +1 ] for all i =
1; : : : ; N � 1, on [x0; x1] for i = 0 and on [xN � 1; xN ] for i = N .

2. The functions  1;i ful�l l

 1;i (x) =
�

1 if x = x i

0 if x = x j ; j 6= i:

3. For  2a;i , the conditions

 2a;i (x) =
�

1 if x = x i

0 if x = x j ; j 6= i
and

 2a;i;x (x) = 0 for x = x j ; j = 1; : : : ; N

hold.

4. The functions  2b;i havethe properties

 2b;i(x) = 0 for x = x j ; j = 1; : : : ; N

 2b;i;x (x) =
�

1 for x = x i

0 for x = x j ; j 6= i:

As usual, the indexx denotesthe derivativewith respect to x. The shape functions
ful�l l that  1;i is continuous on 
 = [0; 1] and  2a;i and  2b;i are continuously
di�er entiableon 
 .

We de�ne the space VN = V h
N � V u

N � V Cs

N using thesefunctions as basis, that is

V h
N = span(	 2a;i ; i = 0; : : : ; N ; 	 2b;i ; i = 1; : : : ; N );

V u
N = span(	 1;i ; i = 1; : : : ; N );

V Cs

N = span(	 1;i ; i = 0; : : : ; N ):

Then VN is an approximation of V with the dimensionM = 4N + 2.

Remark In the two-dimensionalcase,it is more di�cult to de�ne continuously
di�er entiable basis functions. One possibility is the so-called Argyris element,
which is a triangular elementwith basis functions that havecontinuous deriva-
tives between mesh triangles. On each triangle, these functions are �fth-or der
polynomial with 21 degreesof freedom.

The practical computations have been done using the �nite element package
Femlab, versions2.2and 2.3,by ComsolAB, which allows the de�nition of nearly
arbitrary PDE's. Therefore,we have split the operator and introduced the new
variable d = � h, such that we obtain a secondorder systemfor (h; d;u; v; C)> .
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3.7 Discussion of the error

There are several sourcesfor errors on the way from the physical model to the
numerical solution. In the following, we will discussthe errors that are madeat
each step.

1. Basic simpli�cations: We considera simpli�ed model neglecting exterior
forcesand assumingthe 
o w is controlled by the incompressibleNavier-
Stokesequations. Moreover, simplemodelsare assumedfor the description
of the surfactant and volatile component, respectively. This �rst sourcefor
errors is di�cult to quantify .

2. Thin �lm approximation: Using the ansatz� = � 0 + "2� 1 + O("4), we make
an error of the order " 2 sincewe only considerthe leading order term.

3. Initial and boundary conditions: As we have discussedin Section3.2, not
all boundary conditionsarestraightforward. In somecases,we useapproxi-
mationswhich is an additional error source.Moreover, the initial conditions
prescribed are alsoapproximations. A quanti�cation of theseerrors is also
di�cult.

4. Physical parameters:Not all of the physical parametersare known.

5. Numerical approximation: This error can be controlled and estimated. It
dependson the resolution of the grid and the approximation order of the
basisfunctions.

As we can see,there are several sourcesfor errors, and thus an estimate on the
total error is obviously very di�cult. Therefore, the �nal results of thesecom-
putations must be consideredwith care. We mainly achieve qualitativ e results.
However, in a real foam we are consideringa large number of lamellaeand are
not particularly interested in the exact results for a single �lm. Moreover, the
�lms obviously do not burst all at the samethickness,but we assumethat this
variesstochastically around a meanvalue. Hence,we want to obtain results in a
statistical sense,i.e. compute the meanlifetime of �lms under given conditions.

By meansof couplingthe consideredmodel with modelsfor the foamdrainageand
transport of the foam, someof the errors might be reducedin future work. For
example,more accurateboundary conditions could be obtained from a coupling
with a model for the Plateauborder,asdiscussedin Section3.2. Somesuggestions
for such improvements are madein Chapter 5.



74 CHAPTER 3. ANALYSIS OF A FOAM FILM IN FUEL

3.8 Summary

In this chapter, wehaveusedthe thin �lm equationsderivedin Chapter 2 to create
a model for the dynamical behaviour of a fuel foam �lm. Suitable computational
domainsfor the one-and two-dimensionalproblemhave beendeterminedand the
equationshavebeenequippedwith conditionsat the boundariesof thesedomains.
Moreover, the physical parametersfor the problem have beendeterminedas far
as they are known.

Altogether, a model hasbeenderived that yields the thinning rate of a foam �lm
and the time tcr it at which a critical thicknesshcr it is reached. Therefore, the
curvature � of the Plateau border is neededasinput variable by which the model
can be coupledwith a global foam model.

The existenceand uniquenessof a solution for the linearized problem has been
proven. Finally, a scheme for the numerical solution of the problem has been
given.
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Chapter 4

The limit " ! 0

Wehavederivedandanalyzeda model describingthe dynamicsof a real thin foam
�lm in the previouschapter. This model allows us to simulate the thinning of a
lamella under the assumptionsmade in Section3.1. In particular, it is required
that the ratio " between thicknessand length of the lamella is small, such that
the thin �lm approximations derived in Chapter 2 hold.

As we have discussedin Section3.7, the approximation improvesas " decreases.
On the other hand, if we considervery dry foams,the relative sizeof the Plateau
border becomessmallerand its curvature larger. Sincethe crucial e�ects happen
at the transition between lamella and Plateau border, it is important that this
region is resolved very good by the numerical grid. Therefore, grid size and
time step restrictions becomemore severe for smaller valuesof " , such that the
computational e�ort increases.

Moreover, there arise some stabilit y issueswith the solution in the caseof a
surfactant-stabilized lamella, which also lead to increasedcomputational costs.
We will discussthe reasonsfor this e�ect in Section4.2.3.

However, onecanmakeuseof somespecialfeaturesof the �lm in the caseof " ! 0
in order to further simplify the model. This approach is basedon the splitting of
the domain into regionsin which somee�ects may be neglectedsuch that simpler
models can be derived for each subdomain. Such domain decompositions for
foam lamellaehave beenapplied before by Schwartz and Princen [34], Barigou
and Davidson [3] and Braun et al. [8]. We will follow the approach of Breward
[9], who divided the domain into three parts, the lamella, the Plateau border,
and a matching region (or transition region) betweenthe two (seeSection4.1).

We will shortly present this approach for the three casesof a pure liquid, a
�lm stabilized by a surfactant and a �lm stabilized by the presenceof a volatile
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component for the inertia-free casein Section4.2. Afterwards, we generalizethe
model and include inertia (Section4.3). Finally, wearegoingto discussin Section
4.4 in which way the approach may be extendedto the two-dimensionalproblem.

4.1 Domain splitting approac h

Considera two-dimensional�lm in the x-z-plane. It consistsof a long lamellapart
with approximately spatially constant thicknessand the Plateauborderwhich has
an approximately constant curvature. This can be usedby splitting the �lm into
three regionsas shown in Figure 4.1. As the curvature is small in the lamella

PSfrag replacements

x
0

0

z

1

A B C

2�

Figure 4.1: Splitting into lamella (A), Plateau border (C) and transition region
(B) (sketch)

(A), we conclude that capillarity plays an inferior role there and thus can be
neglected.For the Plateau border (C), capillarity is treated to be the dominant
e�ect asdiscussedin Chapter 3. Sincewe assumethat the radius of curvature in
the Plateau border is of the order of the �lm thickness,this dominancebecomes
even stronger for thinner �lms.

In the transition region (B), the two solutions of the lamella and the Plateau
border have to be matched. For the thin �lm approximations to be valid in
the transition region, its thicknessmust be small comparedto its length. If we
assumethat the length of this region is 2� (2� L in dimensionalvariables), then
this condition can be expressedin the form " � � . Since the length of the
transition region is small comparedto that of the �lm, i.e. � � 1, this posesa
more severecondition on the parameter" than in Chapter 3, which is the reason
why this approach is not usedin general.A comparisonbetweennumerical results
for the full problem de�ned in Chapter 3 and the following approximations will
be donein Chapter 5.
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The generalprocedureto get the solution at time t i includestwo steps(sketched
for the caseof a pure liquid):

1. Solvethe transition regionproblemusingthe valuesh(i � 1) , h(i � 1)
x andh(i � 1)

x x
at the boundary to the lamella part from the previous time step i � 1. At
the boundary to the Plateau border, the curvature � obtained from the
Plateau border has to be prescribed.

This yields the thicknessh(i ) and velocity u(i ) in the transition region.

2. Solve the lamella problem using the velocity u(i ) obtained in Step 1 as
boundary value.

This yields h(i ) and u(i ) in the lamella.

In the following, we will examine in detail how this idea can be implemented
for the di�erent cases.We henceforthneglectgravit y and therefore assumethe
problem to be symmetric with respect to x = 0.

4.2 Inertia-free case

The casesconsideredin this sectionhave beenstudied by Chris Breward in his
dissertation [9]. We will use these examplesto demonstrate the mechanisms
involved in the splitting approach. Moreover, somelimitations will be considered
and improvements discussed.In Section4.3, we will generalizethesemodels by
the inclusion of inertia.

4.2.1 General mo del

The generalone-dimensionalmodel including surfactant or volatile component,
respectively, is given by (assuming� � 1, see(2.71) { (2.81))

0 = ht + (uh)x +
2E
"

e; (4.1)

0 =
2Ma

"
� x +

"
2Ca

hhxxx + 4(hux)x : (4.2)

The gradient of the surfacetension is computedby

� x = � � Cs
x ; (4.3)

0 =
�

2�
"S�

+ Peh
�

(Cs
t + uCs

x) +
2�

"S�
uxCs � (hCs

x)x (4.4)
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in the presenceof a surfactant, and by

� x = � e� Cv
x ; (4.5)

0 = fPeh (Cv
t + uCv

x ) +
2fPeE

"
(1 � Cv)e � (hCv

x )x ; (4.6)

if the �lm is stabilizedby a volatile component. Note that e 6= 0 only holds in the
latter casewhereevaporation plays a role. Otherwise the massequation reduces
to ht + (uh)x = 0.

4.2.2 Pure liquid

When neither surfactant nor volatile component are present, the system(4.1) {
(4.6) reducesto

ht + (uh)x = 0;
"

2Ca
hhxxx + 4(hux)x = 0:

Lamella

We considerthe lamella region to correspond to the computational domain [0; 1].
We assumethat the lamella is dominated by viscosity, i.e. Ca � " , which cor-
responds to a high velocity scaling U. However, note that U is not uniquely
determinedby this condition. The governing equationsare

ht + (uh)x = 0; (4.7)

(hux )x = 0: (4.8)

Furthermore, we have the boundary conditions

u(0) = 0 (Symmetry);

u(1) = u1(t):

Let the lamella be initially of constant thickness,that is h(0; x) = h0 = const.
At time t = 0, the system(4.7), (4.8) reducesto

ht + hux = 0; (4.9)

uxx = 0:

This meansthat ht does not depend on x at time t = 0, such that we obtain
hx = 0 in the lamella for all t. If u1(t); t 2 [0; T] is given, this system can be
solved and the solution is

h(t) = h0e�
Rt

0 u1 (� )d � ;

u(t; x) = u1(t)x:
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Plateau border

It is assumedthat the Plateau border is dominated by capillarity, which corre-
sponds to a low velocity scaling. The momentum equation (4.2) simpli�es to

hxxx = 0;

which yields
hxx = � = const: (4.10)

Equation (4.10) will be used as a boundary condition for the transition region
problem.

Transition region

Here,we have two scalingparameterswhich have to be determined,the velocity
scaling U and the length scaling � of the transition region. These have to be
chosenin such a way that capillary and viscousforcesbalance. Moreover, we
require � to ful�ll " � � � 1 accordingto Section4.1.

We thereforede�ne � :=
p

" and set U such that Ca = � =
p

". With x = 1+ � � ,
this leadsto the system

(uh)� = 0; (4.11)

hh� � � + 8(hu� )� = 0: (4.12)

Note that due to the condition � � 1, the time-dependencedropsout of the mass
equation in leading order of � .

Integration of Equation (4.11) givesuh = Q, whereQ is the (yet unknown) 
ux.
Inserting this relation into (4.12) yields

(2hh� � � h2
� �

16Qh�

h
)� = 0: (4.13)

Furthermore, we have given boundary conditions

h ! hL ; h� ! 0; h� � ! 0 for � ! �1 ;

h� � ! � 2� for � ! 1 :

Using these,we can integrate Equation (4.13) onceand obtain

2hh� � � h2
� �

16Qh�

h
= 0:
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The analytical solution to this equation reads

� � C2 =
2

C1

p
h +

2Q1=3122=3

9C4=3
1

ln

 
p

h �
Q1=3161=3

31=3C1=3
1

!

�
Q1=3122=3

9C4=3
1

ln

 

h +
2Q1=3181=3

3C1=3
1

p
h +

162=3Q2=3

32=3C2=3
1

!

�
2Q1=342=331=6

3C4=3
1

arctan

 p
hC1=3

1

21=331=6Q1=3
+

1
p

3

!

: (4.14)

In this expression,there are still the unknown parametersC1, C2 and Q. We
may set C2 = 0 due to translational invariance(the equation is autonomous).

In the limit � ! 1 , we obtain in leading order of � = � � 1

2
C1

p
h = � ;

sinceh has a quadratic behaviour in this limit due to the condition h� � ! � 2� .
Using the latter, we obtain

C1 =
p

2� 2�:

In the limit � ! �1 , the solution needsto ful�ll the condition h ! hL . The left
hand side needsto be balancedby at least one of the terms on the right hand
side,hencewe analyze(4.14) under this aspect:

�
p

h tends to a constant value and doesnot play a role for � ! �1 .

� ln
� p

h � Q1=3161=3

31=3C1=3
1

�
tends to �1 if the argument tends to zero. Hence,

this term may balance� for � ! �1 .

� � ln
�

h + 2Q1=3181=3

3C1=3
1

p
h + 162=3 Q2=3

32=3C2=3
1

�
tends to a constant value sincethe ar-

gument tends to a positive constant.

� arctan(.) is a boundedfunction.

Thus, the behaviour of the linear term on the left hand sidecanonly be balanced
by the secondterm on the left hand side,and only if

p
h �

Q1=3161=3

31=3C1=3
1

! 0 for � ! �1 :
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This condition becomes

Q =
3
p

2� 2�
16

h3=2
L ;

which constitutesa relation betweenthe lamellathicknesshL and the 
o w velocity
uL in the lamella limit by

uL =
3
p

2� 2�
16

h1=2
L : (4.15)

This velocity uL is used as boundary condition for the lamella problem, which
can then be solved for h.

Figure 4.2showsthe solution for h in the transition regionfor hL = 1 and � 2� = 1.
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Figure 4.2: Film thicknessin the transitions region for a pure liquid.

Computation of the lamella thic kness

Relation (4.15) yields the value of u1 by

u1(t) =
3
p

2� 2�
16

h(t)1=2:

The velocity pro�le becomes

u(t; x) =
3
p

2� 2�
16

h(t)1=2x:
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Plugging this into (4.9) yields

ht +
3
p

2� 2�
16

h3=2 = 0:

This ordinary di�erential equation (ODE) can be solved explicitly and we obtain

h(t) =

 
3
p

2� 2�
32

t +
1

p
h(0)

! � 2

: (4.16)

Such a solution for h(0) = 1 and � 2� = 1 is illustrated in Figure 4.3.
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Figure 4.3: Film thicknessvs. time in the lamella for a pure liquid.

4.2.3 Presence of a surfactan t

In [9], viscosity is neglectedin the presenceof a surfactant and only Marangoni
and capillary e�ects are regarded in the momentum equation. Therefore, the
system(4.1) { (4.6) becomes

0 = ht + (uh)x ;

0 = �
2Ma�

"
Cs

x +
"

2Ca
hhxxx ;

0 =
�

2
�

"S�
+ Peh

�
(Cs

t + uCs
x) +

2�
"S�

uxCs � (hCs
x )x :
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We assumethat the Plateau border is governedby capillary forces,such that we
obtain the condition of constant curvature � at this end of the transition region.

Lamella model

The Marangoni e�ect is assumedto be dominant in the lamella. This relatesto
a low velocity scaling,but as in the previouscase,it is not uniquely determined
by this condition. The lamella model becomes

0 = ht + (uh)x ; (4.17)

0 = Cs
x ; (4.18)

0 = (1 + Ph) Cs
t + uxCs; (4.19)

whereP = " PeS�
2� is of order O(1). Note that P doesnot depend on the velocity

scalingU.

We consideran initially constant thicknessh(0; x) = h0 = const in the lamella
and �nd that

ux (0; x) = � (1 + Ph0)
Cs

t (0)
Cs(0)

is independent of x. Hence,hx (t; x) = 0 for all t; x. We can computethe solution
for the thicknessas in the casewithout surfactant by

h(t) = h0e�
Rt

0 u1 (� )d �

if we know the velocity u1(t) at the boundary (x = 1).

Moreover, the combination of (4.17) and (4.19) yields

(1 + Ph) � 1 ht

h
=

Cs
t

Cs
:

We solve this for Cs:

Cs =
Cs

0

h0

(1 + Ph0)h
1 + Ph

:

Cs
0 = Cs(0) is the (constant) concentration at time t = 0. Thus, h and u are

obtained independently from Cs, which is then computed from h.

Transition region

We have to match Marangoni and capillary forcesin the transition region. Since
the velocity scaling U does not in
uence the relative magnitudesof these two,
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we match them via the length scaling x = 1 + � � . Therefore, we choose � in
such a way that " 2 = 4� 2CaMa�. For the surfactant equation, it is assumedthat
di�usion, bulk convection and surfaceconvection balance,which determinesthe
velocity scaling by setting S = � �

" � . Hence,the velocity and length scalingsare
uniquely determinedand we obtain in leading order of �

uh = Q;

Cs
� = hh� � � ;

(uCs)� + PuhCs
� = (hCs

� )� :

Using u = Q=h and integrating the latter two equations,this systemsimpli�es to

Cs � Cs
L = hh� � �

h2
�

2
; (4.20)

hCs
� = Q

�
Cs

h
�

Cs
L

hL

�
+ PQ(Cs � Cs

L ); (4.21)

where hL and Cs
L are the values of thicknessand surfactant concentration, re-

spectively, in the lamella.

We want to solve this problem such that the boundary conditions

Cs ! Cs
L ; h ! hL ; h� ! 0; h� � ! 0 for � ! �1 ;

Cs ! Cs
P B ; h� � ! � 2� for � ! 1

are ful�lled.

An asymptotic analysisfor the limit � ! 1 yields (using translational invariance
of the solution)

h =
� 2�
2

� 2 +
Cs

P B � Cs
L

� 2�
+ O(� � 1); (4.22)

Cs = Cs
P B + O(� � 1): (4.23)

At the lamella side (� ! �1 ) we make the ansatz

h = hL + � e�� + O(e2�� );

� 2 � , in order to model the asymptotically constant behaviour. Plugging this
into Equation (4.20), we obtain

Cs = Cs
L + hL � � 2e�� + O(e2�� ):

From (4.21) follows an equation for � , namely

� 3 � � 2

�
Q
h2

L

+
PQ
hL

�
+

QCL

h4
L

= 0:
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Assumingpositive 
ux, i.e. liquid 
o ws from the lamella into the Plateau border,
this equation can be rewritten as

� 3 � q� 2 + p = 0;

with positive parametersp and q. This equation has one negative real root � ?

and two roots � 1 and � 2 with positive real parts. The condition for � ! �1
dictates that the non-decaying mode � ? vanishes,thus the solution in leading
order is given by

h = hL + � e� 1 � + � e� 2 � ; (4.24)

Cs = CL + � � 2
1e

� 1 � + � � 2
2e

� 2 � : (4.25)

Note that there are three degreesof freedom(� , � and Q) in total for the third-
order systemof ODE's. In Section4.2.4, the caseof a third-order systemwith
only two degreesof freedomoccurs. Such a systemis not solvable in general.

Computation of a solution

We want to obtain a relation Q(hL ) betweenthe 
ux Q in the transition region
and the thicknesshL of the lamella. Then, the velocity pro�le in the lamella is
given by u = Q(h)

h x and the thicknesscan be computedby solving

ht + Q(h) = 0 (4.26)

as in Section4.2.2.

Hence,we needto �nd a numerical solution for the system(4.20), (4.21). How-
ever, there are several di�culties that arise:

� The systemis de�ned on the unboundeddomain � . For practical compu-
tations, the computational domain [� 1

" ; 1
" ] is used.

� We aredealingwith a boundary valueproblem (BVP), i.e. boundary values
are given at both endsof the domain. In [9], the problem is solved using a
simple shooting algorithm: a solution is computed starting from � = 1

" for
some
ux Q, then Q is varied until the desiredbehaviour of the solution at
x = � 1

" is achieved.

However, the solution contains an unstable mode � ?. Hence, the numer-
ical solution of the ODE becomesunstable. Instead, we use a multiple
shooting algorithm. The main idea behind this approach is the following:
numerical errorsdue to machine precisionincreaseexponentially for an un-
stable mode, hencethis error becomesdominant for large domains. If the
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computational domain is divided into smaller intervals and the di�erential
equation is solved on each of theseintervals, this error can be controlled by
varying the sizeof the intervals. In order to solve the completeproblem,
transfer conditions betweenthe intervals have to be ful�lled in addition to
the boundary conditions. A detailed discussionof BVP's and the multiple
shooting method can be found in [2].

Finally, we can solve the systemin order to obtain the 
ux Q for each value of
hL , which is usedto solve Equation (4.26). Someresults for this approach will
be discussedin Chapter 5.

4.2.4 Presence of a volatile comp onent

In [9], a model is given for a liquid in the presenceof a volatile component.
However, the resulting third order system of ODE's has only two degreesof
freedom,such that a solution doesnot exist in general.We present an improved
model with includedviscosity that overcomesthesedi�culties. The relevant part
of (4.1) { (4.6) is

0 = ht + (uh)x +
2Ee
"

; (4.27)

0 = �
2Mae�

"
Cv

x +
"

2Ca
hhxxx + 4(hux)x ; (4.28)

0 = fPeh (Cv
t + uCv

x ) +
2fPeE

"
(1 � Cv)e � (hCv

x )x : (4.29)

This systemis very similar to the surfactant case.

Remark Apart from the inclusion of viscosity, wealsotakea di�er ent approach
for the modelling of the evaporation process. We assumea constant evaporation
e, while Breward usesa model in which e is proportional to the concentration of
the volatile component.

Lamella model

Evaporation must enter Equation (4.29) in leading order to have a stabilizing
e�ect. We balanceit by convection, which givesthe velocity scalingU by setting
2E = ". As in the surfactant case,the momentum equation (4.28) is considered
to be dominated by the Marangoni force. This yields the equations

0 = ht + (uh)x + e; (4.30)

0 = Cv
x ; (4.31)

0 = hCv
t + (1 � Cv)e: (4.32)
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From Equations(4.31)and (4.32)followshx = 0 for all t. Togetherwith (4.30), we
obtain uxx = 0, such that the velocity pro�le is determinedby its value at x = 1
which can be obtained from the transition region as in Section4.2.3. Therefore,
we seeka relation Q(h) from the solution of the transition region model.

Transition region

We match Marangoni and capillary forces in the momentum equation, scaling
the length by x = 1 + � � where" 2 = 4� 2CaMae�.

The velocity scaling has already been �xed by 2E = ". Hence,there are three
possiblescenariosabout which forcesgovern the equation for the volatile compo-
nent:

� Convection is dominant in the transition region. This leadsto Cv = const,
such that the Marangoni e�ect plays no role and the �lm is not stabilized.

� The transition region is governed by di�usion. In this casehCv
� = const

and with the condition for � ! �1 we obtain again Cv = const.

� The only scenariofor which we obtain a non-trivial solution for Cv is a
balanceof convection and di�usion. Thus, we are only interested in this
case.

Hence,we assumethat the equation for the volatile component is governed by
di�usion and convection and obtain the system

uh = Q;

Cv
� = hh� � � +

2� Ca
"

(hu� )� ;

~PuhCv
� = (hCv

� )� ;

where ~P = � fPe.

The momentum equationis integrated and u replacedby Q
h , such that the system

simpli�es to

Cv � Cv
L = hh� � �

h2
�

2
� � Q

h�

h
; (4.33)

hCv
� = ~PQ(Cv � Cv

L ): (4.34)

As before, hL and Cv
L denote the values of thicknessand concentration of the

volatile component in the lamella, and � := 2� Ca
" .
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We have the sameboundary conditions as in the surfactant case,namely

Cv ! Cv
L ; h ! hL for � ! �1

Cv ! Cv
P B ; h� � ! � 2� for � ! 1 :

An asymptotic analysisfor the limit � ! 1 yields

h =
� 2�
2

� 2 +
Cv

P B � Cv
L

� 2�
+ O(� � 1);

Cv = Cv
P B + O(� � 1):

For � ! �1 we make the ansatz

h = hL + � e�� + O(e2�� );

which yields with (4.33)

Cv = Cv
L +

�
hL � � 2 �

� � �Q
hL

�
e�� + O(e2�� ):

Plugging theseexpressionsinto Equation (4.34), we obtain

� 3 � � 2

 
~PQ
hL

+
� Q
h2

L

!

+
� ~PQ2

h3
L

= 0:

This equation has the solutions

� 1 = 0; � 2 =
~PQ
hL

; � 3 =
� Q
h2

L
:

For non-vanishing viscosity (that is � > 0), we have two positive eigenmodes
� 2 and � 3, such that together with Q, the systemhas three degreesof freedom.
Moreover, we obtain stabilit y for � ! �1 .

This marks a di�erence to the model derived in [9], whereviscosity is neglected,
i.e. � = 0. In that case,two of the eigenmodes becomezero. Hence,only two
degreesof freedom (� 2 and Q) are left in the third-order system, which is in
generalnot su�cien t to obtain a solution.

In order to solve the �lm-thinning problem, we proceedanalogouslyto the case
of a �lm stabilized by a surfactant, i.e. we usea shooting algorithm to obtain the

ux Q from the system(4.33), (4.34), which yields the boundary condition for
the velocity u in the lamella problem. With this information, the evolution of h,
u and Cv in the lamella can be computed.
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4.3 Non-planar lamella

One of the central assumptionsin Section4.2 is that inertia can be completely
neglected. However, our considerationsin Section 2.3 showed that this is in
generalnot justi�able in our problem. Wewill observe that the inclusionof inertia
leadsto a non-constant lamella thicknessh(t; x), which is a major di�erence to
the previous models. In particular, the transition region model of Section 4.2
explicitly usesthe fact that the lamella has spatially constant thickness.Hence,
it is no longer valid aswe will seein Section4.3.2.

For thesereasons,we develop a more generalsplitting approach in Section4.3.2,
which can be applied for arbitrary lamella pro�les. Subsequently, we discuss
the solutions for our three cases(pure liquid, surfactant, volatile component)
applying this new approach for the transition regionand a morecomplexlamella
model.

4.3.1 Governing equations

The model equationsfor massand momentum conservation including inertia are

0 = ht + (uh)x +
2E
"

e; (4.35)

0 =
2Ma

"
� x +

"
2Ca

hhxxx � Reh(ut + uux) + 4(hux)x : (4.36)

For a pure liquid, � is constant. If a surfactant is present, then it is described by

� x = � � Cs
x ; (4.37)

0 =
�

2�
"S�

+ Peh
�

(Cs
t + uCs

x) +
2�

"S�
uxCs � (hCs

x )x : (4.38)

Similarly, for the volatile component the following equationshold:

� x = � e� Cv
x ; (4.39)

0 = fPeh (Cv
t + uCv

x ) +
2fPeE

"
(1 � Cv)e � (hCv

x )x : (4.40)

4.3.2 Generalized splitting approac h

Let us analyze the e�ect of inertia on the lamella. While viscosity causesa
levelling of di�erences in the 
o w, inertia has the opposite e�ect, i.e. it tries to
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keepthe 
o w in its current state. Hence,the capillary suction from the Plateau
border doesnot a�ect the whole lamella uniformly, sinceit is not dominated by
viscosity alone, such that a contraction forms at the transition between lamella
and Plateau border.
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Figure 4.4: Formation of a contraction due to inertia.

In which way doesthis in
uence the model for the transition region? In Section
4.1, we had the boundary conditions h ! h0, h� ! 0 and h� � ! 0 for � ! �1 .
Theseconditions do not hold anymore, as the lamella thicknessis not constant.

One possibility is to neglectthis and proceedas in Section4.2 anyway, matching
only the thicknessh in the transition region. However, we will take a more
sophisticatedapproach and additionally match the derivative h� . Obviously, we
cannot match both h and h� for � ! �1 , but have to do this at somegiven
point. Hence,wesplit the computational domain into a lamellapart I 1 = [0; 1� � ]
and a transition region I 2 = [1 � � ; 1 + � ], where we demand that h, hx , and u
are continuousat 1 � � .

4.3.3 Pure liquid

We start with the simplest caseof a pure liquid governed by capillary, viscous
and inertial forces. We assumethat capillary forcesare negligible in the lamella
and dominant in the Plateau border.
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Lamella

Inertia and viscosity balancein the lamella, hencethe velocity scaling is deter-
mined by Re = O(1), while Ca � " . The resulting systemis

ht + (uh)x = 0; (4.41)

Reh(ut + uux) = 4(hux )x : (4.42)

Let us assumeasin the inertia-free casethat the lamella hasa constant thickness
initially . Then at time t = 0 the systembecomes:

ht + hux = 0;

Re(ut + uux) = 4uxx :

Contrary to Section4.2,uxx 6= 0 in general,such that h doesnot remain spatially
constant. Hence,the full system(4.41), (4.42) must be solved. This is doneusing
a simple �nite di�erence method upwinding h.

Transition region

We scale the length of the transition region in such a way that capillary and
viscousforcesbalance, i.e. we de�ne � such that "

� Ca = 1 and let x = 1 + � � .
Instead of computing a solution on (�1 ; 1 ) for a given behaviour for � !
�1 , we now considerthe interval [� 1; 1] and demandtransfer conditions at the
boundaries.For the given scalings,we obtain

� ut + (uh)� = 0;
1
2

hh� � � � � Reh(� ut + uux) + 4(hu� )� = 0:

In leading order of � , the inertia term vanishesand we get

uh = Q;

hh� � � + 8(hu� )� = 0:

The boundary conditions that we associate with this systemare

h; h� at � = � 1;

h� ; h� � at � = 1:

The valuesat � = � 1 are obtained from the lamella problem, wherewe have to
take into account that h� = � hx . We assumethat h� � (� 1) = � 2hLxx (1 � � ) is
small and can be neglected,wherehL is the solution in the lamella. At � = 1, we
prescribe the curvature h� � (1) = � 2� as well as h� (1) = � 2� � 1.
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We can integrate the secondequation oncewhich gives

hh� � �
h2

�

2
�

Qh�

h
= �

h2
� (� 1)

2
�

Qh� (� 1)
h(� 1)

=: K : (4.43)

Note that we have a non-zeroright hand side K if h� (� 1) 6= 0. In this case,we
do no longer obtain an analytic solution, but usea multiple shooting algorithm
to solve the systemfor the 
ux Q.

A lower boundfor the 
ux Q canbefound by consideringthe initial valueproblem
starting at � = � 1 for given valuesh(� 1), h� (� 1) and h� � (� 1) = 0. As discussed
in Section4.3.2,weare interestedin the caseh > 0, h� (� 1) � 0. Sinceweassume
a quadratic behaviour for x ! 1 , the thicknessh must have a minimum at a
point ~� > � 1, that is h� ( ~� ) = 0 and h� � ( ~� ) � 0. Plugging theseexpressionsinto
Equation (4.43), we obtain

K = h( ~� )h� � ( ~� ) � 0:

Thus, any solution must ful�ll

Q � �
h(� 1)h� (� 1)

2
:

4.3.4 Presence of a surfactan t

Lamella

Weassumethat inertia enters the lamellaproblemin leadingorderand is balanced
by the Marangoni force. This determinesthe velocity scalingby setting 2Ma�

� =
Re. Moreover, we assumethat the surfactant is dominated by convection, such
that we obtain

0 = ht + (uh)x ;

0 = Cs
x + h(ut + uux);

0 = (1 + Ph) (Cs
t + uCs

x) + uxCs;

where P = " PeS�
2� . This is a hyperbolic system for the unknowns h, u and C

with the characteristic velocities � 1 = u, � 2=3 = u �
p

f 1f 2, where f 1 = 1
h and

f 2 = C
1+ P h . The correspondingcharacteristicvariablesarew1 = u, w2 = u+ C

q
f 1
f 2

and w3 = u � C
q

f 1
f 2

.

If thesevelocities are all positive, we are dealing with a supersonic
o w and no
information can be prescribed at the right hand side of the lamella (x = 1 � � ).
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Sincewe assumethat the capillary suction from the Plateau border is the main
e�ect responsible for the lamella thinning, this casebearsno physical relevance,
as the curvature of the lamella doesnot in
uence the lamella model at all.

If � 3 is negative, i.e. in the sub-soniccase,we have to prescribe a condition for
w3 at (x = 1). In characteristic variables, the three equationsdecoupleand can
be easily solved.

Transition region

We scale the transition region with x = 1 + � � , where � is chosen in such a
way that capillary forcesenter the momentum equation in leading order, that is
"2 = 4� 2CaMa�. Then we obtain

uh = Q;

Cs
� +

2CaRe� 2

"
huu� = hh� � � ;

(uCs)� + PuhCs
� = (hCs

� )� :

Replacingu by Q=h and integrating, this becomes

hh� � �
h2

�

2
+

h� (� 1)2

2
= Cs � Cs(� 1) +

2CaRe� 2

"
Q2

�
1
h

�
1

h(� 1)

�
;

hCs
� = Q

�
Cs

h
�

Cs(� 1)
h(� 1)

�
+ PQ(Cs � Cs(� 1)):

This systemis then solved as in Section4.3.3

Computation of a solution

We have to take into account that we are using the variablesh, u and Cs in the
transition region, but the characteristic variablesw1, w2 and w3 in the lamella.
Hence,at each time step t i we compute the solution by the algorithm:

1. Given hi � 1, ui � 1, Cs;i � 1, wi � 1
1 , wi � 1

2 and wi � 1
3 at time step t = t i � 1 in the

lamella and in the transition region.

2. Compute wi
1, wi

2 and wi
3 at t = t i in the lamella using the boundary value

wi � 1
3 from the transition region at x = 1 � � .

3. Compute the corresponding solutions for hi , ui and Cs;i in the lamella.
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4. Compute hi , ui and Cs;i in the transition regionusing the boundary values
hi , hi

� , hi
� � and Cs;i obtained from the lamella problem at � = � 1.

5. Compute the corresponding solutions for wi
1, wi

2 and wi
3 in the transition

region.

4.3.5 Presence of a volatile comp onent

Lamella

We considertwo di�erent cases:

1. Inertial and Marangoni forcesbalancein the lamella. Thus, the velocity
scalingis determinedby 2Ma�

� = Re, which leadsto the system

0 = ht + (uh)x +
2E
"

e;

0 = Cv
x + h(ut + uux);

0 = h (Cv
t + uCv

x ) +
2E
"

(1 � Cv)e:

As in the surfactant case(Section4.3.4),this systemis hyperbolic. However,
all characteristic velocities are equal here, namely � i = u for i = 1; 2; 3.
Hence,no information travels from the transition region to the lamella.

We deducethat this is not an appropriate model for the description of a
real foam �lm, and that inertia doesnot play a role in this limit.

2. However, we are still interestedin the casewhereno inertia is involved, but
the lamella thicknessis not constant initially . In order to obtain a closed
model for this case,we have to advance to the next order of Equations
(4.36) and (4.40) and get

0 = ht + (uh)x +
2E
"

e;

0 = Cv
x ;

0 = hCv
t +

2E
"

e(1 � Cv);

0 = Reh(ut + uux) +
2Ma�

"
Cv

1x � 4(hux )x ;

0 = Cv
1t + uCv

1x :

This systemis then solved for h, u, Cv and Cv
1 .
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Transition region

We have to solve the samesystemof equationsas in Section4.2.4, that is

uh = Q;

Cv
� = hh� � � + � (hu� )� ;

~PuhCv
� = (hCv

� )� :

As in Section4.3.3, this systemis solved on the interval [� 1; 1] with boundary
conditions h = hL , h� = hL;� and Cv

L given at x = � 1 and h� = � 2� , h� � = � 2�
given at x = 1. Integrating the momentum equation and eliminating u yields

Cv � Cv
L = hh� � �

h2
�

2
� � Q

h�

h
+

h2
� (� 1)

2
+ � Q

h� (� 1)
h(� 1)

;

hCv
� = PQ(Cv � Cv

L ):

This systemof ODE's is solved asin the previoussectionsusinga multiple shoot-
ing method.

4.4 Generalization to 2D

In the previous sections,we have shown how the one-dimensional�lm-thinning
problem canbe simpli�ed in the casethat " ! 0. The main ideaof this approach
is that the domain is divided into a lamella part in which the �lm curvature
is small and capillary forcescan be neglected,a Plateau border part in which
capillary forcesare dominant, and a matching region.

A similar splitting can alsobe donein the two-dimensionalcase(seeFigure 4.5).
However, the geometry of the transition region is much more complicated than
in the one-dimensionalcase.

We considerthe limit of a dry �lm, whereboth (� 0)� 1 and " tend to zero(recall
that � 0 is the dimensional�lm curvature in the Plateauborder). As the curvature
in the nodesis approximately the sameas in the Plateau borders,the transition
region tends to a polygon in this limit, and the in
uence of the nodesvanishes,
as shown in Figure 4.5.

The transition region is thus composedof long rectangularareasof length L and
thickness� L. We de�ne the coordinate system as in Figure 4.6 and rescaleit
using x = 1 + � � . Neglectingboundary e�ects at the top and bottom boundary
of the transition region,we recover the one-dimensionalsystemfrom the previous
sections.
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Figure 4.5: Geometry of the 3D problem

This can be usedfor the solution of the two-dimensionalproblem. The idea is
to solve the quasi-one-dimensionaltransition region problem in order to obtain
boundary conditions for the two-dimensional lamella problem. However, this
approach only works if the thicknessalongthe transition region is approximately
constant. In the following, we will demonstrate this idea for the exampleof a
lamella in the presenceof a surfactant, neglectinginertia. An analogousapproach
can alsobe usedfor a volatile component instead of a surfactant.

4.4.1 Example: Foam �lm stabilized by a surfactan t

Lamella

The lamella is dominated by Marangoni forces,such that the resulting system
becomes

0 = ht + (uh)x + (vh)y;

0 = Cs
x ;

0 = Cs
y ;

0 = (1 + Ph)Cs
t + (ux + vy)Cs;

whereP = " PeS�
2� . Assuminghx = hy = 0 at time t = 0, we concludethat ux + vy

only dependson t and thus h = h(t) is independent of x and y. Therefore, the
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evolution of the thicknessis completely determinedby the 
ux over the lamella
boundary:

j
 L jht � �j @
 L jQ(h):

In this equation, j
 L j denotesthe area of the lamella, j@
 L j the total length of
the lamella boundary, and Q(h) the 
ux acrossthe boundary obtained from the
solution of the one-dimensionaltransition region problem.
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Chapter 5

Results and applications

In the previouschapters,wehavederivedand analyzedmodelsfor the description
and simulation of the dynamical behaviour of single foam �lms. We will now
present and discussresults of these models, and point out in which way these
results can be incorporated into a generalfoam model.

Moreover, we will discusspossibleextensionsto this work that may be topics of
further studiesin future.

5.1 General remarks

We considerproblemsin oneand two dimensions.The one-dimensionalproblems
are computedon the interval I = [0; 1:5], wheresymmetry conditions are usedat
x = 0 and Plateau border conditions are applied at x = 1:5 (ref. Section3.2). If
not noted otherwise,we prescribe

h0 =
�

1 ; x � 1
1 + �

2 (x � 1)2 ; x > 1

and u0 = 0 as initial conditions for the thicknessand the velocity. Note that we
prolongate the Plateau border region arti�cially up to x = 1:5. By this we can
examineif the solution ful�lls the expectedconstant behaviour for the curvature
and the concentrations of surfactant and volatile component.

The two-dimensionalproblem is computedon a triangular domain 
 asshown in
Figures3.5 and 5.1. As initial value for h, we use

h0 =

8
<

:

1 ; x 2 
 1

1 + �
2 (x � 1)2 ; x 2 
 2

1 + �
2 ((x � 1)2 + (y � tan( �

5 )2) ; x 2 
 3
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Figure 5.1: Computational domain 
 for the two-dimensionalproblem.

unlessnoted otherwise. The initial velocity is set to u0 = v0 = 0. As in the
one-dimensionalcase,we usean arti�cially large Plateau border.

5.2 Pure liquid

We begin the discussionof numerical results by analyzing the simplest caseof a
pure liquid without surfactants or a volatile component. We neglectgravit y, such
that only viscous,inertial and capillary e�ects play a role here, simplifying the
evaluation of their individual in
uences.

Consider the one-dimensionalproblem for the velocity scaleU = 2 � 10� 3m=s,
the length scaleL = 5 � 10� 4m and the ration between�lm thicknessand length
" = 10� 2. With the valuesgiven in Section3.3, this corresponds approximately
to the capillary number Ca = 10� 4 and the Reynoldsnumber Re = 1 and is an
examplecloseto reality. Moreover, let � = 100,i.e. the radius of curvature of the
Plateau border is equal to L.

Figures5.2and 5.3show the lamella thicknessand the associated velocity pro�les
at times t = 0:003, t = 0:006and t = 0:009. We clearly observe the in
uence of
the acting e�ects, namely capillary, inertial and viscousforces.At the transition
between lamella and Plateau border, the curvature of the interface rapidly in-
creasesfrom zero to 100,which triggers a 
o w of liquid into the direction of the
Plateau border. Viscosity tries to extend this in
uence to the whole �lm, while
inertia acts in the opposite way, i.e. tries to keep the �lm in its current state.
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Figure 5.2: Re = 1: Lamella shape at di�erent times t.
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Figure 5.3: Re = 1: Velocity pro�le at di�erent times t.
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The formation of a constriction of the �lm shows notably that inertia can not be
neglectedin this example.

We are particularly interested in the rate of thinning and the lifetime of �lms.
Sincein the caseof a pure liquid, the lamellaeareneither stabilizedby surfactant
nor by evaporation of a volatile component, we expect a very short lifetime of
the �lms in the current cases.

Time is scaledby T = L
U , which yields T = 0:25s for the �rst example.Assuming

that the lamella bursts at a thicknessof approximately 10� 6m, we obtain a �lm
lifetime in the order of magnitude of O(10� 3s). Hence, we conclude that as
anticipated no persistent foamis createdwithout the stabilizing Marangonie�ect,
unlessthe stabilit y is causedby e�ects not included in our model.

5.2.1 In
uence of inertia

The e�ect of inertia to the 
o w can be observed even better if we considerfor
comparisona 
o w with an arti�cially low Reynoldsnumber Re = 0:01, while Ca,
" and � are left asbefore. Note that this examplecorrespondsto a typical length
scaleof L = 5 � 10� 6m, and is thereforea rather theoretical study.

Results for h and u are shown in Figures 5.4 and 5.5 for the times t = 0:01,
t = 0:02 and t = 0:03. Here, viscosity dominates the lamella part, such that
very fast, a linear velocity pro�le is reached and the lamella thins uniformly as
in Section4.2.2.

Comparing the results illustrated in Figure 5.5 with those in Figure 5.3 clari�es
the in
uences of inertia and viscosity. In the caseRe = 0:01, viscosity dominates
the lamella such that a linear velocity pro�le is assumed.For Re = 1, the 
o w is
constrictedto a smallerregionin the vicinit y of the transition betweenlamellaand
Plateau border. A comparisonbetweensolutions for di�erent Reynoldsnumbers
is shown in Figure 5.6.

5.2.2 Choice of initial conditions

So far, all computations have been performed for zero initial velocities. In a
real foam however, �lms do not start out as thin lamellaebut have a history of
draining from thicker �lms.

In Section5.2.1,we have observed that for problemswith low inertia (Re � 1),
the velocity quickly reachesa quasi-steadystate. We can use this to obtain an
initial velocity pro�le for our problem by computing sometime stepsfor the case
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Figure 5.4: Re = 0:01: Lamella shape at di�erent times t.
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Figure 5.5: Re = 0:01: Velocity pro�le at di�erent times t.
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Figure 5.6: In
uence of inertia on the solution; lamella pro�les at t = 0:01 for
di�erent Reynoldsnumbers.

of arti�cially low inertia. The result is taken as initial condition for the real
problem.

We have to keepin mind that we can only guessthe initial condition as long as
we do not solve a much more complicated model including the creation of the
foam and its draining up to the point wherethe thin �lm approximations can be
applied. However, our approach is su�cien t to obtain qualitativ e results for the
�lm behaviour and its lifetime.

5.2.3 Dep endence on �

As the 
o w of liquid out of the lamella is mainly driven by capillary suction,
it strongly depends on the curvature � of the Plateau border. The parameter
� is also the one that couplesour thin �lm model with the global foam model.
Therefore,it is interesting to examinethe in
uence of � on the �lm lifetime. We
have computed solutions for the caseCa = 10� 4, Re = 0:1 and " = 10� 3 for
di�erent valuesof � using initial conditions obtained by the approach discussed
in Section 5.2.2. The times T until the minimal thicknesshas reached h = 0:2
(for an initial �lm thicknessof h0 = 1) are listed in Table 5.1.

We observe that the lifetime of the �lm is approximately proportional to
p

� � 1.
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� 1000 2000 4000 6000 8000 10000

T 0:032 0:0224 0:0164 0:013 0:011 0:0096

T
p

� 1:01 1:00 1:04 1:01 0:98 0:96

Table 5.1: Dependenceof �lm lifetime on �

This agreesvery well with the observations made in Section 4.2.2 for the case
" ! 0, wherewe obtained a similar behaviour in Equation (4.16).

5.2.4 Behaviour for " ! 0

In Chapter 4, we have discussedsimpli�ed models for the casewhen " ! 0,
i.e. when the thicknessof the �lm becomesvery small comparedto its length.
Here, we will compareresults for thesemodels basedon a domain splitting ap-
proach to the results obtained from the full model.
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Figure 5.7: Comparisonbetweenfull model and domain splitting approximation
for " = 0:01 (approx1 and full1) and " = 0:001(approx2 and full2).

We will �rst considerthe casewhere inertia is negligible and the lamella is ap-
proximately planar. Let Ca = 0:0001," = 0:01, � = 100and Re = 0:01, which is
the problemweconsideredin Section5.2.1. The evolution of the lamella thickness
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with time is shown in Figure 5.7 for the solution of the full model (full1) and the
solution of the splitting approach givenby Equation (4.16) (approx1). (Note that
the time hasbeenrescaledin order to �t multiple solutionsinto oneplot.) It can
be seenthat the generalbehaviour is sustainedby the approximation. However,
the thinning is slower by about 15%.

We expect that the approximation improvesfor smaller valuesof " . We test this
by examining the caseCa = 0:0001," = 0:001, � = 10000and Re = 0:001. The
results are also shown in Figure 5.7 (full2 and approx2) and it can be observed
that the two solutionsmatch very well. Hence,we concludethat for small values
of " the behaviour of the lamella is very well described by the model derived in
Section4.2.2.

In the examplesabove, we assumedthat inertia can be neglectedand the lamella
thickness is spatially constant. However, this is in general not the case. In
Section4.3.3,we have thereforederived a generalizeddomain splitting approach
for the computation of problemsinvolving inertia and non-planar lamellae. We
test this model for the caseCa = 0:0001," = 0:001, � = 10000and Re = 0:3.
The solutions at t = 0:038are plotted in Figure 5.8 for the full model, the basic
domain splitting (DS) approach of Section4.2.2taking only the lamella thickness
into account, and the improved DS approach derived in Section4.3.3.

0 0.2 0.4 0.6 0.8 1
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

approx. with inertia
approx. without inertia
full model

PSfrag replacements

x

h

Figure 5.8: Solutions for full model, basic domain splitting (DS) approach and
improved DS approach.

We observe that the generalizedapproach is a noticeable improvement to the
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t = 0 t = 1:2 � 10� 3s

t = 2:3 � 10� 3s t = 3:5 � 10� 3s

Figure 5.9: Evolution of the �lm pro�le for Case1. The thicknessof the �lms in
the plots is scaledwith a factor 3 comparedto the dimensionalvalues.

basicsplitting approach if inertia is involved.

5.2.5 Tw o-dimensional problem

Finally for the caseof a pure liquid in the absenceof either surfactants or a
volatile components, we examinesolutions of the two-dimensionalproblem. We
comparetwo cases:

1. A very thick lamella with a ratio " = 0:1, L = 5 � 10� 4m, U = 2 � 10� 2m=s
and Plateau border curvature � = 0:1. This correspondsto Ca = 10� 3 and
Re = 10.

2. A rather thinner �lm with " = 0:01, L = 5 � 10� 4m, U = 2 � 10� 3m=s and
Plateau border curvature � = 0:01. This corresponds to Ca = 10� 4 and
Re = 1.

The initial conditions are asde�ned in Section5.1. Solutions for the thicknessh
at several time stepsare shown in Figure 5.9 for Case1 and Figure 5.10for Case
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t = 0 t = 6:5 � 10� 4s

t = 1:3 � 10� 3s t = 1:95� 10� 3s

Figure 5.10: Evolution of the �lm pro�le for Case2. The thicknessof the �lms
in the plots is scaledwith a factor 10 comparedto the dimensionalvalues.

2. As expected, we obtain very similar results for the two-dimensionalproblem
than we had before in the one-dimensionalcase. Capillary suction drives liquid
from the lamella into the Plateau border, while a constriction forms along the
border of the lamella due to the in
uence of inertia. However, the �lms thin
faster in the two-dimensionalcase,with a lifetime of the �lm in Case2 being
about 0.84 times that of a one-dimensional�lm with the samecharacteristics.
The reasonfor this is obvious: since the relative size of the lamella compared
to the Plateau border is smaller in two dimensions,the in
uence of the Plateau
border increases.

Another point we observe, which doesnot appear for the one-dimensionalprob-
lem, is that the shape of the lamella depends on the parameter " . We clearly
note that the thicker lamella is more circular, while the shape of the lamella is
much closerto a pentagon for the case" = 0:01. We have already mentioned in
Chapter 1 that foam bubblestend to a polyhedral shape, if their liquid content
' tends to zero. This property is retained in our model.

This e�ect can be observed even better in Figures5.11and 5.12which show the
curvature � h (visualizedby the colours)and the velocity pro�le (denotedby the
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Figure 5.11: Case1: Curvature of the interface(� h) (colour values)and velocity
U (arrows) at t = 2:3 � 10� 3s.

Figure 5.12: Case2: Curvature of the interface(� h) (colour values)and velocity
U (arrows) at t = 1:3 � 10� 3s.



5.3. INFLUENCE OF A SURFACTANT 109

arrows) for the two cases.We alsonote that, asexpected,the transition between
the lamella (with curvature zero) and the Plateau border (with curvature � ) is
much sharper for the thinner �lm in Case2 (" = 0:01).

5.3 In
uence of a surfactan t

We now turn to the questionof the in
uence of a surfactant on the stabilit y of a
�lm. We have seenin the previoussectionthat lifetimes for �lms madeof a pure
Newtonian liquid are in the order O(10� 3s), and we expect much larger values
for a foam stabilized by a surfactant.

5.3.1 Evolution of the �lm thic kness

We simulate the evolution of a �lm with the characteristic parameters" = 0:01,
� = 100,Ca = 0:0001,Ma = 100,Re = 1, S = 2, Pe = 1, � = 0:1, � = 0:01 and
� = 1. The initial thicknessis in this casegiven by

h0 =
�

10 ; x � 1;
10+ �

2 (x � 1)2 ; x > 1:

The surfactant concentration at time t = 0 is set to C0 = 1, i.e. we start with a
uniform distribution asin a freshly formedfoam. Moreover, the �lm is motionless
in the beginning, that is u0 = 0.

A plot of the solution at t = 14is shown in Figure 5.13. The only major di�erence
to the caseof a pure liquid that we observe is that the lifetime of the lamella has
beenstrongly increased.The time scalefor the problem is T = 0:25s, such that
the lifetime of the �lm hasbeenincreasedto the order of seconds(O(1s)) by the
presenceof the surfactant. However, it is interesting to examinethe evolution of
the �lm in more detail. It can be divided into two phases:

Phase1. There is an initial oscillatory phasein which the �lm seeksan equi-
librium between capillary and Marangoni forces. Figure 5.14 shows the
evolution of h at the points marked in Figure 5.13 in this phase.

Sincewe start with a constant surfactant concentration, capillary forcesare
dominant at the beginning,such that �lm thins very fast. Due to the 
o w of
liquid and surfactant into the Plateau border, a gradient in the surfactant
concentration ariseswhich ultimately stops the thinning. Due to inertial
e�ects, an equilibrium is not immediately reached,but the lamellashowsan
oscillatory behaviour in which liquid alternately 
o ws back into the lamella
and out again, until a quasi-equilibrium state is reached.
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Figure 5.13: Solution h at t = 14.

Phase2. At somepoint, a state is reached in which Marangoni and capillary
forcesare in a relative equilibrium. In this phase,the �lm drains on a much
larger time scalethan in the caseof a pure liquid (ref. Figure 5.15).

The behaviour in the two phasesis illustrated by comparingthe solutionsfor the
curvature � h = hxx of the �lm and the surfactant concentration Cs. Recall that
the capillary forceis proportional to the gradient of � h, while the Marangoniforce
is proportional to the gradient of Cs. Hence,we expect a correlation between
thesetwo in the equilibrium state.

Figure 5.16 shows the solution for � h and Cs at time t = 0:01, i.e. in the
oscillatory phase. We observe no correlation of the two quantities, such that
Marangoni and capillary e�ects are each dominant in di�erent parts of the �lm.
At later times, shown in Figure 5.17for t = 14, the situation haschanged.Both
curvature and surfactant concentration behave very similarly, such that their
e�ects are balancedover the completedomain.

5.3.2 Appro ximation for " ! 0

The computational costs for the computation of the full model are very high
for the surfactant problem. A reasonfor this is that the solution has unstable
modesin the equilibrium state, aswe have seenin Section4.2.3,which leadsto a
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Figure 5.14: Evolution of the lamella thickness{ Phase1.
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Figure 5.15: Evolution of the lamella thickness{ Phase2.
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Figure 5.16: Curvature (green)and surfactant concentration (blue) in the �lm at
t = 0:01.
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Figure 5.17: Curvature (green)and surfactant concentration (blue) in the �lm at
t = 14.
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severe time step restriction. An improved numerical schememight overcomethis
problem.

However, for small valuesof " we can apply the models derived in Chapter 4 to
obtain approximate solutionsand to study the behaviour of the 
o w in the quasi-
equilibrium phase. Consider the inertia-free casewith " = 0:001, � = 10000,
Ca = 0:0001, Ma = 100, S = 2, Pe = 1, � = 0:1, � = 0:01 and � = 1.
The length scale of the transition region is computed as � = 0:005. Let the
concentration of surfactant in the Plateau border be Cs

P B = 1 and the initial
concentration in the lamella be Cs

0 = 0:6. Then the problem can be solved as
in Section4.2.3. The connectionof the 
ux Q in the transition region and the
lamella thicknesshL is shown in Figure 5.18. Using this, the lamella model is
solved and the evolution of hL computed(Figure 5.19).

Redimensionalizingthe solution with T = 0:25s yields a lamella lifetime in the
order O(10s), i.e. the stabilization is very strong in this case.

We observe that the in
uence of the lamella thicknesson the 
ux is directly
opposedto that of a pure liquid, i.e. the 
ux increasesfor thinner �lms, such
that the rate of thinning of the lamella accelerates.To get a deeper insight into
the correlations in the transition region, we examinethe dependenceof the 
ux
Q on the curvature � of the Plateau border, the surfactant concentration Cs

P B
in the Plateau border (Figure 5.20) and the parameterP describingthe relation
betweensurfaceand bulk convection (Figure 5.21).

An interesting observation is madein Figure 5.20for the dependenciesof the 
ux
of � and Cs

P B . An increaseof � leadsto a higher gradient of the curvature � h
and thus to an increasedcapillary force in the direction of the Plateau border.
However, the 
ux from the lamelladecreasesfor increasing� . Hence,we �nd that
in the equilibrium the Marangoni force is increasedeven more than the capillary
force. The samee�ect in inversedirection is noted for the relation of the 
ux
and the concentration Cs

P B . A larger valueof Cs
P B leadsto a strongerMarangoni

force;however, this doesnot lead to a reduced
ux which we attribute to an ever
stronger increaseof the capillary force.

Finally, we note that the parameter P doesnot in
uence the solution in a par-
ticularly strong way.

5.3.3 Tw o-dimensional problem

For a �lm stabilized by a surfactant, we have two main opposing forces,namely
the capillary force and the Marangoni force. In the one-dimensionalcase,these
two reach a relative equilibrium after an initial oscillatory phase. However, in
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Figure 5.18: Dependenceof the 
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onedimensionthe two e�ects always act in exactly the oppositedirection. In the
two-dimensionalcase,there is another direction to which the 
o w may evade if
it is in
uenced by two opposing forces. Therefore, it is not a priori clear if an
equilibrium state is reached for the �lm.

In order to investigatethis question,weconsidera liquid �lm with the parameters
" = 0:01, � = 100, Ca = 0:0001,Ma = 100, Re = 1, Pe = 20, S = 2, � = 0:1,
� = 0:01and � = 1. The initial condition for h, u0 and v0 is de�ned asin Section
5.1, Cs

0 is given by

Cs
0 =

�
0:8 ; x � 0:8;
x ; x > 0:8:

As in the one-dimensionalcase,we obtain an initial phasein which either of the
e�ects strugglesfor dominance.Figure 5.22comparesthe solutionsfor � h and Cs

at di�erent time stepsduring this phaseand shows the velocity pro�le in the �lm.
We observe that in turn capillary (at t = 0:015) and Marangoni (at t = 0:005)
forcesdominate the 
o w, but eventually an eddy forms and a quasi-equilibrium
state is reached.

This marks a signi�cant di�erence to the one-dimensionalcase. Sincethe 
o w
has an additional degreeof freedom,i.e. an additional 
o w direction is possible,
it canevadeto that direction, which eventually leadsto the formation of an eddy,
marking the path of lowest resistancefor the 
o w. The streamline plot of the



5.3. INFLUENCE OF A SURFACTANT 117

t = 0:005

t = 0:01

t = 0:015

t = 0:035

Figure 5.22: Solutionsfor � h (left) and Cs (right) in the initial oscillatory phase
at four di�erent time steps. The arrows represent the velocity pro�le.
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o w at a later time in Figure 5.23 clari�es this fact even more. Moreover, we
observe that by and by a secondeddy arises.

Figure 5.23: Streamlinesand velocity pro�le of the solution at t = 0:4.

Finally, Figures 5.24and 5.25exhibit the pro�le of h in the �lm at time t = 0:4
and its evolution at several points in the lamella. We observe again the two
phasesof the 
o w. Redimensionalizingthe variables,we obtain T = 0:25s as in
the one-dimensionalcase,such that the lifetime of the �lm is again of the order
of seconds.

5.4 In
uence of a volatile comp onent

In the previoussection,we examinedthe impact that the presenceof a surfactant
hason the stabilit y of a foam �lm. We have seenthat after an initial oscillatory
phase,a quasi-stableequilibrium is adopted, leadingto a very slow thinning. We
are now interested in the in
uence of a volatile component, particularly if an
analogousbehaviour as in the surfactant casecan be observed.

Let us therefore considera �lm with the properties " = 0:01, � = 100, Ca =
0:0001,Ma = 1000,Re = 1, fPe = 1, E = 5 � 10� 6, e = 1 and � = 1. The initial
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Figure 5.24: Thicknessh at t = 0:4.
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Figure 5.25: Evolution of h at the points determinedin Figure 5.24.
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condition is de�ned by

h0 =
�

10 ; x � 1;
10+ �

2 (x � 1)2 ; x > 1;

u0 = 0 and Cv = 0:5. Note that Cv always lies between0 and 1, whereCv � 1
meansthat only the volatile component is present and no Marangoni e�ect can
occur.

The evolution of the lamella thicknessat the points x = 0, x = 0:3 and x = 0:6 is
shown in Figure 5.26. The Marangoni e�ect due to inhomogeneousevaporation
is much weaker than that due to surfactants, at least for the parameter range
which is of interest for us. As in the surfactant case,we notice an oscillatory
behaviour at the beginningwith decreasingoscillations.
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Figure 5.26: Evolution of h in the presenceof a volatile component.

However, contrary to before, no stable equilibrium state is reached. This is
con�rmed by Figures5.27and 5.28,which show the pro�les of velocity and con-
centration of the volatile component in the �lm at di�erent time steps. While
the velocity seemsto settle down to an equilibrium initially , at approximately
t = 0:25 it suddenlydestabilizes,leadingto the breakdown of the lamella shortly
afterwards.

The reasonfor this behaviour lies in the evaporation itself. Although it initially
stabilizes the lamella by the Marangoni e�ect, the e�ect of the evaporation be-
comesstrongerwhile the lamella thins. Eventually, the Marangonie�ect becomes
dominant leading to the destabilization of the �lm.
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The lamella lifetime in dimensionalvalueslies in the order O(10� 1s). Although
the evaporation of a volatile component doesnot producea long-lasting foam, it
can nonethelessplay a role in the �lling of a car tank wherewe are dealingwith
relatively short-lived foam. A more detailed analysiscould be conductedif more
information about the composition and parametersof the fuel was available.

5.5 Extensions

We have derived a generalmodel for the simulation of a foam lamella. Thereby,
we have built a foundation to which any number of extensionscan be added. At
this point, we want to encouragesomespecial enhancements.

5.5.1 Coupling with a global foam mo del

Ultimately, we are interestedin building a global foam model which incorporates
all of the relevant e�ects described by separatemodels. For that aim, we have to
de�ne an interfaceover which to communicate with this global model.

The main external parametersdetermining the lamella thinning arethe curvature
of the interface and the concentration of surfactant/v olatile component in the
Plateauborder. A simplecouplingcanbedonewith the drainagemodel described
in Section 1.5.5. The foam drainageequation (1.2) yields the liquid content of
the foam at a given point. Using this information and the typical bubble size,an
approximate value for the Plateau border curvature can be computed. Assuming
the surfactant concentration to be constant alongthe network of Plateau borders
and nodes,our lamella model can be usedto computea rate of decay depending
on the position in the foam.

An improved version of the coupling approach is to use the 
o w of liquid from
the lamella into the Plateau border as a sourcein the foam drainagemodel and
derive an improved foam drainageequation.

Taking a moresophisticatedapproach, onecandevelopa model for the simulation
of one or several Plateau borders and the neighbouring nodes. Coupling this
with the lamella yields more exact boundary conditions for our model and thus
improvesits accuracy, ashasbeendiscussedin Section3.2. However, this is paid
by a greatercomputational e�ort. Moreover, a way must be found to incorporate
the simulation of the Plateau border into the global foam model.
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5.5.2 Application of an enhanced evaporation mo del

For the simulation made in this chapter, we have assumeda constant evapo-
ration of the volatile component, i.e. we have consideredthe bubbles to be of
in�nite volume such that the vapour concentration doesnot increaseover time.
An improved evaporation model, which takes the �nite volume of the bubbles
into account, hasalready beendiscussedin Section2.3.3. Depending on the pa-
rametersof the volatile component and on the bubble size,the evaporation rate
in such a model may signi�cantly decreaseduring the thinning of the lamella,
which can lead to a distinctly di�erent behaviour.

5.5.3 Con tin uous thermo dynamics

In this work, we have considereda very simple fuel model consistingonly of one
or two di�erent components. However, real gasolineor dieselis a compound of a
large variety (> 100) of components, all of which have a di�erent boiling point.
Hence,the behaviour can be di�erent particularly in the caseof evaporation.

Taking each of the components of the fuel under account leadsto a very high-
dimensionalproblem, whosesolution is too computationally expensive. Continu-
ousThermodynamics[35]is an alternativeapproach which reducesthe complexity
of the model by making useof the type of composition of the fuel. The compo-
nents of the fuel canbeclassi�ed into fewfamilies,namelypara�ns and aromatics
for gasoline,and para�ns , aromatics and naphthalenesfor diesel. The members
of each family have very similar properties di�ering only within a small range.
The basic idea is to consider each family as a continuous probability density
function instead of a mixture of discretecomponents.

In a future work, the lamella model can be extendedusing this approach, such
that more exact statements about the behaviour of a �lm under the in
uence of
evaporation can be made.
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Conclusion

In the present thesis, a model for the behaviour of a foam lamella under the
in
uences of inertial, viscous,gravitational, capillary and Marangoni forceshas
beendeveloped. The underlying physical behaviour of such lamellaeis described
by the incompressibleNavier-Stokesequationsin combination with freeinterfaces
betweenliquid and gasphaseat either side of the �lm. An asymptotic analysis
with respect to the lamella thicknessleads to a simpler model by reducing the
spatial dimensionof the problem and thereby eliminating the free interfaces.

The high surface curvature causesa lower capillary pressurein the adjacent
Plateau bordersand triggers a liquid 
o w leaving the lamella. This leadsto thin-
ning and eventual rupture. The principal stabilizing in
uence is the Marangoni
e�ect causedby the presenceof surfactants or volatile components in the �lm.
Spatial variations in the concentration of thesesubstancesresult in a gradient of
the surfacetension, leading to an attenuation of the 
o w. Therefore,additional
models for their description and interaction with the 
o w have beenderived.

In order to closethe models,boundary conditionsat the threshold to the Plateau
borders have been determined. Therefore, a simple Plateau border model has
been derived and converted into suitable boundary conditions for the lamella
problem. The formulation of the central �lm-thinning problem for the caseof
a fuel foam is possibleafter the assignationof the relevant parametersand the
evaluation of the magnitudesof the individual forces.

In the resulting central model, the 
o w is governedby a highly nonlinear third-
order systemof partial di�erential equations.Existenceand uniquenessof a solu-
tion to the linearizedproblemhavebeenprovenusinga variational approach. Due
to the complexity of the problem, such a statement remainsopen for the general
nonlinear caseand may be an interesting challengefor further investigation.

A further approximation of the problem basedon a domain decomposition ap-
proach is possiblefor the caseof a very thin �lm. The corresponding models
have beenderived for an inertia-free �lm under the assumptionof planar lamel-
lae. On their basis,an extendedmodel has beendeveloped for the generalcase
of a non-planar lamella and the inclusion of inertial forces.
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The derivation of a Galerkin schemefor the numerical examination of the model
and its application to the �lm-thinning problem with particular attention to the
in
uence of surfactants and volatile components have provided a deeper under-
standing of the mechanisms involved in this process. The model that we have
developed in this work provides a basisfor the simulation of the 
o w inside of a
foam �lm. A number of extensioncan be made in further work in order to im-
prove the accuracyand performanceof the model and the numerical scheme,and
to investigateother interestingquestions,such asthe couplingwith a macroscopic
foam model.
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Nomenclature

We have used a large number of notations for di�erent variables, parameters,
etc. throughout this thesis. This overview is intended to facilitate keepingtrack
of all thosesymbols. As generalconventions, scalar-valuedquantities aredenoted
by normal-sizedletters (x), vectorsby bold faceletters (n) andmatricesby capital
letters (A). Moreover, derivativesare usually denotedby subscripts(hx ).

Furthermore, we have usedthe following notations:

Variables and geometrical parameters

x x-coordinate
y y-coordinate
z z-coordinate

H center-faceof the �lm
h �lm thickness

� h Laplacian of the �lm thickness
u velocity in x-direction
v velocity in y-direction
w velocity in z-direction
p pressure

Cs surfactant concentration
� surfactant concentration at the interface
j 
ux of surfactant to the interface

Cv concentration of volatile component
� surfacetension
e evaporation

T stresstensor
n Normal vector to the interface

t 1=2 Tangential vectorsat the interface
� Curvature of the interface
" Ratio of �lm thicknessand length
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Ph ysical parameters (ref. page 51f )

' liquid fraction of the foam
L length scaleof the lamella
U velocity scaleof 
o w out of lamella
T time scaleof �lm-thinning process
� liquid density
� dynamic viscosity of the liquid
g gravitational accelerationon earth


 ; � 
 typical surfacetension, surf. ten. variation

 v=l surfacetension of volatile/non-volatile component

� curvature of the interface in the Plateau border
C? typical surfactant concentration in the bulk
� ? typical surf. conc.at the interface
Ds di�usivit y of surfactant in the bulk
D � di�usivit y of surfactant at the surface
� 1 surfactant saturation concentration at the interface
k1=2 Langmuir parameters

~C? typical concentration of volatile component, ~C? = 1
e? typical evaporation

Dv di�usivit y of volatile component
R universal gasconstant

�: temperature of the liquid

Similarit y parameters (ref. page 54)

Re Reynoldsnumber, Re = �LU
�

Fr Froud number, Fr = U2

L
Ca Capillary number, Ca = �U




Ma Marangoni number, Ma = � 

�U

Pe P�eclet number for surfactant, Pe = UL
D s

Pe� P�eclet number at the interface,Pe = UL
D �

S Replenishment number, S = D s C?

U� ?

� � = � ?

� 1

� � = C?

k2

fPe: P�eclet number for volatile component, fPe = UL
D v

S relation betweenevaporation and di�usion, S = Le?

D v ~Cs tar
E relation betweenevaporation and convection, E = e?

U
� � = R�� 1

� 

~� ~� = 
 l � 
 v

� 
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Sets and spaces

�

set of real numbers
�

set of complexnumbers

 computational domain

@
 boundary of the computational domain
L2(
) spaceof Lebesgueintegrable functions on 


H m (
) Sobolev space,H m (
) = f u 2 L2(
) : D � u 2 L2(
) ; j� j � mg
V; H real, separableHilbert spaces
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Index

Argyris element, 72
Asymptotic expansion,20

Boundary condition, 44
Bubble, see Foam bubble

Capillary number, 19
Cell, see Foam cell
Coarsening,see Foam coarsening
Coercivity, 61
Colloidal dispersion,1
ContinuousThermodynamics,123

Dispersion,see Colloidal dispersion
Domain splitting, 76
Drainage

Film, see Film drainage
Foam, see Foam drainage

Emulsion, 1
Evaporation rate, 35

Femlab, 72
Film, see Foam �lm
Film drainage,12
Finite element method, 68
Foam, 1

bubble, 1
cell, 1
coarsening,11
creation, 8
decay, 11
drainage,11

equation, 11
Dry, 2
�lm, 3
geometry, 9

Liquid, 1
rheology, 10
Solid, 1
stabilit y, 5
wet, 2

Froud number, 19
Frumkin equation, 29

Galerkin method, 68

H•older's inequality, 61

Initial condition, 44

Kelvin cell, 9
Kelvin problem, 9
Kepler problem, 9
Kugelschaum, 3

Lamella, 3
Langmuir isotherm, 28
Langmuir-Hinshelwood equation, 27
Laplace'slaw, 4
Liquid content, 1

macroscopicscale,4
Marangoni force,5
Marangoni negative, 6
Marangoni number, 19
Marangoni positive, 6
mezoscopicscale,4
microscopicscale,3

Navier-Stokesequations,16
Newtonian 
uid, 16
Node, 3

P�eclet number, 30
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PDE classi�cation, 56
Plateau border, 3
Plateau's laws, 4
Polyederschaum, 3

Replenishment number, 31
Reynoldsnumber, 19
Riemann problem, 57

Sobolev space,58
Stresstensor, 18
Surfaceviscosity, 8
Surfactant, 5, 26
von Szyckowski equation, 29

TFE, see Thin �lm equations
Thin �lm equations,15
Transition region, 75

Volatile component, 6, 33

Weaire-Phelancell, 10
Weak formulation, 58
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